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ABSTRACT 

This volume records the' papers presented at a 
Northwestern University symposium concerning the articulation of 
cognitive psychology with mathematics education. Piagetian theories 
are described and extended to classroom applications in several of 
the papers; other psychological theories such as information 
processing are also discussed. All of the papers are concerned with 
students 1 learning mathematics in an' active" environment. Charles 
Smock's paper addresses the ways in which students organize 
mathematical ideas> Related to this question is Maxwell's paper on 
the role of applications in learning mathematics; Professor Bell 
explores the question of whether concepts must precede applications, 
or^ conversely, application is a necessary part of the learning of 
concepts. Zoltan Dienes 1 discussior of finite geometries and Robert 
Davis 1 consideration of computer-assisted mathematics laboratories 
carry this theme further. The extension of Piaget 9 s research to 
concepts ordinarily taught in the mathematics classroom, and to the 
development of children between the stages of concrete and formal 
operations is discussed by Leslie Steffe. The related issue of using 
Piagetian tasks in educational diagnosis is also discussed by Davis. 
An overview of psychological research as related to mathematics 
education, especially in the area of problem solving, is provided in 
Harry Beilin^ paper. (SD) 
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Information concerning mathematics education documents analyzed at 

the ERIC Information Analysis Center for Science, Mathematics, and 

Environmental Education. These reports fall into three broad 
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in specific areas of mathematics education.. Resource guides identify 

and analyze materials and references for use by mathematics teachers 
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Introduction 

The articles ^n this hook are based on lectures which were given at 
a two-day symposium, "Cognitive Psychology and the Mathematics Laboratory ;" 
that was held as part of the 1973 dedication year ceremonies for North- 
western University's hew School of Education building. The symposium was 
jointly sponsored by Nor thwestern 1 s Mathematics Department, School of 
Education, and the Center for the Teaching Professions; and (in spite of 
the worst snow fall of the year) the symposium was attended by more than 
two hundred mathematics educators from throughout, the country. 

Rationale : 

The rationale for the symposfum grew out of discussions that were 
generated during a conference that was held at Columbia University in 1971 
(ref., M.F. Rosskopf, L,P, Steffe, and S< Taback's Plagetian Cognitive - 
Development Research and Mathematical Education ), Continued correspondences 
between various participants in the Columbia conference indicated a growing 
concern about the following issues, 

* 1) While mathematics laboratories are gaining in fad appeal, precise mean- 
ing for such an instructional technique has remained only loosely and ambi- 
guously defined. Elementary or Junior high school teachers who have attempted 
to use such a teaching strategy have typically been forced to rely on a set 
of "rule of thumb" slogans, none of which are valid in all learning situa- 
tions. "Concrete understanding before abstract"; "intuitive understanding 
before formalized"; "use activities, then symbols"; "use discovery rather 
than reception methods"; each of these slogans refer to distinct instructional 
variables which can occasionally specify contradictory approaches to teaching 
if their range of appropriateness is not qualified and coordinated by at 
least an embryonic theory of laboratory instruction., 

2) Several cognitive theories (e.g., Piaget's) seem to offer at least 
a framework for a theory of instruction that could be used to give direc- 
tion to the laboratory movement. However, the trend in education has 
typically been to use cognitive psycnology to help Justify preconceived 
instructional biases rather tfcan to lock at a theory in order to derive 
a consistent set of implications. Consequently, when a method of instruc- 
tion is not effective in certain situations, the theory may be unjustifiably 
discredited (or rejected) rather tnan being modified or extended to cope with 
the new difficulties. 

The above two problems art cVrtufnly not new to the history* of curriculum 
change. In fact, if the name "Piaget" is replaced by "Dewey," most senior, 
mathematics educators will be able to point out str'king similarities between 
the "activity curriculum" movement of the 1920's and the "mathematics 
laboratory" movement of the 1970's. However, this cyclic history of curriculum 
change (i.e., enthusiastic adoption, followed by disillusionment, followed 
by rejection) indicates that theory building has not really been taken 
seriously by mathematics educators. 
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"Theory Bullding"-v8-"Theory Borrowing " : 

Perhaps it is unrealistic to continue, to search for "outside" theories 
that can be "lifted" (without'modif ication) and used in mathematics education. 
Perhaps the emphasis should shift from "theory borrowing" ttf "theory building." 
One of the main benefits to be derived from theory building is that the theory 
seldom has ,to be completely rejected when conflicts are detected or when 
difficulties occur. 

In spite of the doctoral dissertation experiences that many mathematics 
educators have endured, theory building does not necessarily have to conjure 
up images of dull, "ivory tower" activities that make no real difference 
anyway. For a beginning, theory building can simply involve organizing 
a point of view that can form a basis for coromunication with other mathe- 
matics educators. In this way, individuals can profit by (and build on) 
the work of others. However, in order to avoid obvious errors and inconsis- 
tencies! theory building inevitably attempts to describe the range of 
applicability of its major principles, and to reconcile major conflicts 
within its point of view. Consequently, when difficulties arise, a theory 
should be more than a point of view that is simply accepted or rejected; 
it Should be an explanatory "model" that can (and must) be gradually modi- 
fied and reoiganized to deal with progressively more complex situations. 

While the history of science is filled with examples to illustrate the 
power of theory building, many mathematics educators would point out that 
mathematics education is more of a profession than a scientific discipline, 
and that "the best practice of the best practitioners is still better than 
the best theories of the best theorists." l^owever , this observation does 
not mean that theory building could not be helpful , it simply reemphasizes 
the point that theory building in mathematics education is in a very primitive 
state. Certainly no currently available psychological theories (including 
Piaget's) is ready for wholesale adoption by mathematics educators. In fact, 
it seems unlikely that a luting theory will ever become available which can 
be adopted (withou^ modif icaLion) by mathematics education. Even if a 
particular theory seems to be especially relevant to the acquisition of 
mathematical concepts, the mark ci a useful theory is measured as much 
by the questions it generates as by the questions it answers . For this 
reason, every theory carries with it the seeds of its own destruction which 
soon require it to be modified and incorporated into a more comprehensive 
theory. But, continuous modification _in mathemat ics educat ion' cannot take 
place by continuously borrowing from outside mathematics education. 

The recent boom in cognitive research has produced information about 
t l e development of mathematical concepts which was simply not available to 
curriculum designers even ten years ago. The question is whether the modern 
laboratory movement can organize this information into a theoretical point 
of view which will help it cope with some of the major problems that contributed 
to the downfall of its "activity curriculum" prototype of the 1920's., 
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The Issues: 



The purpose of this book' (and the symposium on which it was based), 
was to draw together a series of articles by some of the foremost authorities 
concerning the relationship between mathematics laboratories and cognitive 
psychology. An attempt was made to focus on issues which, have been neglected 
in' the laboratory movement. These issues and problem areas include: 
applications of mathematical ideas, concrete embodiments of mathematical 
ideas, computer assisted laboratory activities, clinical diagnosis of 
student errors, teacher training (using laboratory techniques), and directions 
for future research. 

It is the hope of the authors and editor that the articles in this 
book will indicate some crucial problems and stimulate some useful ideas 
which may contribute to the success of the mathematics laboratory movement 
and to closer ties Detween cognitive psychology and mathematics education. 

f Richard Lesh 

Fditor 
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An Overview of the Book 



Richard Lesh 
Northwestern University 



Cha P ter I s Discovering Psychological Principlec for Mathematics 



Instructi on . 

Author : Professor Charles Smock has been associated with the Piagetian 
school of cognitive psychology, and is currently the director of the 
"Mathemagenic Activities Program-Follow Through" at the University of Georgia. 
He has frequently worked with mathematics educators in the development of 
instructional materials, and has conducted research concerning the development 
of logical-mathematical concepts. 

To£ic_: The questlon\f how children learn cannot be neglected when 
considering the question of how they should be taught. The way that a 
child organizes a set of mathematical ideas may, or may not, correspond to 
the way a textbook or teacher organizes them. Beginning with the two major 
issues that constituted the rationale for Northwestern 's symposium, Professor 
Smcck isolates important cognitive variables having to do with the way 
children organize mathematical ideas, and he links these cognitive variable* 
to instructional variables which are basic to a laboratory form of instruction. 



c " a Pter 2: Two Special Aspects of Math Labs and Individualization - 
Papert's Projects and Pia fi etiar> Interviews . 

Author • Professor Robert Davis is best k^own to mathematics educators 
as the founder and director of the Madison Project.- The Madison Project has 
produced curriculum materials emphasizing the use of discovery exercises and 
concrete materials. Professor Davis is currently the director of the 
University of Illinois Curriculum Laboratories.- In order to appreciate the 
perspective from which Davis* paper was written, it is important to mention 
that tRe curriculum laboratories are closely associated with the University 
of Illinois Plato Project which emphasizes flexible and creative uses of the 
Computer in instruction. 

To£^c: Professor Davis' paper actually considers two separate but 
related issues. The first has to do with the diagnosis of student errors 
through "Piagetian" clinical interviews; and the second has to do with 
"computer assisted mathematics laboratories" which has been devised by 
Seyraore Papert at M.I,T. 

One of the great possibilities created by the University of Illinois 1 
Plato Project was that detailed histories of formal mathematics instruction 
could be stored for large numbers of individual students. Such information 
could furnish exhaustive data about the ability of students to master a 
given concept depending on whether or not specific "prerequisite" concepts 
had* already been introduced. Given this possibility, and Professor Davis 1 
close affiliation with the Plato Project, it becomes even more impressive 
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to notice that he hau become an enthusiastic supporter of the "clinical 
interview" technique of diagnosing students 1 difficulties. Apparently 
Davis hat concluded that such clinical techniques can furnish important 
information to supplement the kind of information which can be gathered 
by Plato.. 

To further reinforce the potential ties between computers and mathe- 
matics laboratories, Davis argues by analogy: "If a person really wants to 
learn French, going to France is better than taking a course; so, if a^ 
student wants to learn math, it may be best to go to 'mathematics land 
(a place where mathematics is created and where communication takes place 
in •mathematics 1 )." As an example of one such mathenatics land, Davis sites 
Seyoore Paper/s "Turtle Lab" (a computer assisted mathematics laboratory). 
The turtle lab attempts to demonstrate that a computer (or "turtle ) is a 
perfect playmate to accompany the student through mathematics land since 
it is a creature that only communicates in "mathematics. 

Chapter 3: The Role of Applications in Early Mathematical Learning 

Author : Professor Max Bell is we^ll known for his work with mathematical 
applications, mathematics laboratories, and innovative teacher training 
programs. He is currently the Chairman o£ the Elementary Education Department 
of the University of Chicago's School of Education. 

Topic : Giving students real world experiences in order to learn 
useful mathematical concepts has" usually been one aspect of laboratory 
approaches to teaching. A key problem with regard to the emphasis of mathe- 
matical applications in the curriculum can be stated as follows. If it is 
true that one must know a mathematical concept before one can apply it, then 
due to lack of time and training, teachers may often have to neglect applica- 
tions in order to have time to simply "teach" the underlying concepts. On 
the other hand, learning to apply the concept may be a critical aspect in 
the initial acquisition of many mathematical concepts. Professor Bell ^ 
distinguishes between "applications" and the kind of concrete embodiments 
that Dienes discusses, and he argues that even though educators are beginning 
to recognize the value of concrete embodiments, applications are still largely 
neglected. He goes on to clarify the role that mathematical applications 
might be able to play in cultivating students and fostering the acquisition of 
process objectives (organizing data, formulating hypotheses, estimating 
answers, etc - ) . : 

Chapter 4: Abstraction and Generalization: Exampl es Using Finite 
Geometries . 



feasor Zolt^n Dienes is director of the Psycho-Mathematics 
t the University of Sherbrooke, Canada. He has worked with 



Author : Profe__ , 
Research Center at the University of Sherbrooke, Canada. He has worked with 
Jerome Bruner at the Center for Cognitive Studies at Harvard University, and 
has directed major curriculum projects in Canada and Australia, and has been 
closely affiliated with the current mathematics education movement in Engiand.v 
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Topjlc: Professor Dienes has formulated a theoretical pofnt pf view 
which is a significant extension of Piaget's theory. Dienes' "learning 
cycles model of mathematics instruction uses concrete "embodiments" and 
games to help children learn mathematical concepts. However , even though 
some of Dienes 1 principles of instruction (e.g., the multiple embodiment 
principle) have gained recognition and general acceptance, other aspects of 
his theory have been largely ignored by mathematics educators. 

In this book,Professor Dienes uses examples about finite geometries 
to illustrate some of rhe processes which he believes are involved in the 
abstraction and generalization of mathematical ideas. 

y 

^P c . er - i : An Applica tion of Piaget-Cognitive Developmental Research 
in Mathematical Education Research ., 

Author: Professor Leslie Steffe has been one of the foremost mathematics 
educators who has attempted to interpret and investigate the meaning of 
Piaget's theory for mathematics instruction. Professor Steffe is associated 
with the University of Georgia. 

Topic : In order to analyze the development of logical-mathematical 
thinking in children, Piaget has concentrated his efforts on children in the 
5-7 and 10-12 year old age ranges. Consequently, Piaget's research has 
focused on the cognitive processes used by first graders (i.e., groupings) 
and sixth graders (i.e., INCR groups), while neglecting children at inter- 
mediate grade levels. For this reason, and since Piaget has avoided mathematicsl 
ideas that are typically taught in school, it is only possible to aake relatively 
crude inferences about how children's mathematical thinking gradually changes 
from concrete operational mode of thinking to a formal operational mode.* 

Professor Steffe argues that certain mathematical structures may be 
able to describe the transitional phates through which elementary school 
children must pass, and that these mathematical structures may be even better 
models of children's logical.-mathematical thinking than Piaget's groupings 
cr INCR groups. If Steffe's hypotheses is correct, this fact could be 
tremendously useful tQ mathematics educators who would like to construct 
curriculum materials which are consistent with the "natural" development of ' 
logical thinking in child-en. 

It 

Chapter £ - Future Research In Mathematics Education: The View From 
Developmental Psycho lo ^y_» j S 

Author: Professor Harry Beilin delivered one of the key addresses at 
the 1971 Columbia Conference on "Piagetian Cognitive-Developmental Research 
in Mathematics Education," and is ?ne of the leading psychological authorities 
who has attempted to interpret the relevance of developmental psychology lor 
mathematics education. 



o 



ERIC 



XI 1 



Presently, Professor Beilin is the editor of the Journal of Experimental 
CMld PsvcholoRY . and is associated with tie educational psychology and 
developmental psychology programs at the City University of New York Graduate 
Cencer . 

Topic ; Professor Beilin was assigned the awesome task of describing 
the directions that future research must take in order to further establish 
the relevance of cognitive psychology (and Piaget's theory in particular) 
toward the development of mathematics laboratory experiences for children. 

Those mathematics educators who have maintained an interest in problem 
solving strategic* will be especially interested in Professor Beilin' s 
analysis of current trends in cognitive research. 



Additional Presentation ' 

The conference program contained an additional presentation by Professor 
John LeBlanc, director of the Mathematics Education Development Center. 
We regrer that it was not possible to include Professor LeBlanc's paper in 
this book.: For a description of his presentation, Training T eachers 4Jsin& 
Model Techniques , interested readers should write ro: Professor John 
LeBlan~c, Mathematics Education Development Center, 329 South Highland Avenue, 
BH>omington, Indiana 47401. p 
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Discovering Psychological Principles 
for Mathematics Instruction 1 ' 2 



Charles D. Smock 
University of Georgia 



U is not that thev can't see the solution — thay car.'t 
see the problem. 

(Chesterton) 

Science is not j;,et » c^iecrion of laws, a catalogue cf unrelated 
facts. It is a rireation of the human pane, with ite tr«eiy Invented 
ideas and concepts , . . The only justification for our mencai etructuies 
Is whether *r>* in what way our theories form . « . a link with the world 
or sfetiti impressions 

(Einstein) 

> 

The drive to leao an intellectually satisfying life is , . , a product 

of long process ,of education , . . (and) . , . is an autocatalytlc aftair, 

growing with the practice of it., 

(Bridgeman) 

Currently, either the name Piaget or the term m athematics laboratory 
is sure to attract the interest of mathematics educators. While labora- 
tories are gaining in fad appeal, precise meaning for such an instructional 
technique has remained only loosely and ambiguously defined. Teachers who 
have attempted to use such a teaching strategy have typically been torced 
to rely on a set of 'rule of thumb" slogans, none of which has been shown 
to be valid in all learning situations. 

"Concrete understanding before abstract;" "Intuitive understanding 
before formalization;" "Use activities, then pictures, then symbols;" "Use 
discovery rather than reception methods." All of these slogans refer tc 
distinct instructional variables which occasionally specify contradictory 
approaches to teaching if their range of appropriateness is not qualified 
and coordinated by at least a n embryonic theory of laboratory instruction. 



l Thi8 paper is not for duplication or reproduction in any form without 
the permission of the author. 

2 This report is based on activities supported (in part) by the 
Mathemagenic Activities Program-Follow Through, - CD, Smock, Director, under 
Grant Ko. OEC-0-8-5224478-4617 (287) Department of t .EW, U.S. Office of 
Education 
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Mathematics educators appear to have little interest in theory con- 
struction and have a restricted view of the role of a mathematics laboratory, 
Theorv is used to justify instructional biases and the laboratory is con- 
sidered only an instructional device. Theory construction can help clarify 
the different types of roles a laboratory has in mathematics education re- 
search and practice. The mathematics laboratory should be a context for 
research on problems relevant to specific aspects of the instructional pro- 
cess (variation of teaching strategies and techniques) and on discovering 
those conditions critifii for mathematical learning, and development of 
mathematical tninkirg in children, as well as fun and games for child and 
teacher. If educational researchers expect to accumulate knowledge relevant 
to theory based instructional practices, they must have "mathematics 
laboratories . 

However, in my opinion, Chesterton's remark is qui te appropriate "it 
is not that theft can't see the solution — they can't see the problem. We 

""have yet to identify the fundamental dirensions of ed'.cational and instruc- 
tional problems racing the mathematics educator Key psychological principles 
for mathematics instruction and construction of a theory of instruction can 
be realized only after this first step has been achieved, A body of knowledge 
now exists In developmental-cognitive psychology that should have considerable 
utility for contributing to more refined theories of and strategies for 

: instruction; i^.. for creating better school learning environments. One 
approach to I'rp immediate task, then, is to search for suggestions from 
developmental psychology that pose relevant problems for mathematics educators 
for developing theories of mathematics instruction. 

There is no pauctr*;- o£ choices of psychological models available fror 
whfi- O <tart i-he search ^rlyne, Sandura, Bower, Scandi-ra, Skinner, 
-•Vw a— o*' course Placet. Pach ra3 proposed a set of ideas (relevant 
to* a tneor* oi -.^tnematics instr.jLt.cn) rearing theoretical and empirical 
study. The selection of any one model, ne^v-, brings with it -any hidden 
presuppositions ind is deterged in no Iiiilr part by one s own. preconceived 
notion regarding human development, learning and ed'jr»t 4 «n. As a group, 
these models represent a virtual w. pderland of excitfr.g ideas. Each of us 
can understand Alice's dile^ better as we explore Cheii x**t*»t S * (Surpes, 

i<m). 

A theory of in, t rucWfT<^ t begin .ith an adequate theory of learning 
and/or cognitive development. No longer can we accept that statement as 
"obvious" — and go about the business of generating a multitude of metho^ 
based on unorganized intuitive rules constructed on the basis of inade^e 
knowledge of the process of cognitive developr.ent of children. Mathematics 
educators need to return to the beginning and ask not how dtf we teac ■, 
but rather "how do children learn"* 
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M dern developmental psyi.hu log> provide* a necessarv,, but not 
cie-r brVy of knowledge for identifying sore of the fundamental iss..tw 
conLtrain's, 'nd facts associated with the process of generating J tr.errv 
of rrathematic:, le.rp.infc and instruction,, But, to imply, and act i., 
psychology has become r, levant to «i thw.it if* learrirus cnlv n .i.e., a-ter 
Piaget). nisses a f ut.oa-ental >-int -Jt the -elatKn of tl.e o. 
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psychology to the sciwe of educaticr, md distort^ the history of t>oth. 
On the other hand, / dc not want Fiaget's theorv cf cognitive development 
abandoned without clea" understanding of why. Hie historical pattern in 
education and psychology seems to bf one of enthusiastic adherence to a 
relatively novel theory — <*ith di?>apr~:> In t inert and rejection following 
close behind. The ? : jsence of serious controversial issues underlying much 
of the current research in cognitive oevelopmert, and mathematics learning, 
increases my concern that much that is valuable in Piaget's theory may be 
lost. This symposium, perhaps, wii! provide aVmcre relevant set of issues 
about which we can disagree than Va^e surfaced to this point. 

Many psychologists, including myself, consider Piaget's clarification 
o f the necessary bases of theorv construction as irrportant as his cognitive 
developmental theory per se. illicitly, and explicitly, Placet was greatly 
influenced Dy advances in tnec ret leal physics (Eridgeman-, 1929) during the 
1920*3 and 30's* The funaanentai aspect of relativity theory which cannot 
be ignored in psychological tneoii/ing is chat conceptual iuugments are 
always relative to the position of the observer. Analysisof knowledge 
acquisition requires a iescripticn of the operacional basis of these acqui- 
sitions; i.e., the awnt.'-l cremations of the individual that are associated 
with the construction and "aincetu'n.-e of consistent patterns (structure) vt 
"his contiuually tran«5f jrr,in^ "eiat i-ns vitr l^e physical and social environ- 
oents. Thus, Paget' s e^t-nois on a .obstruct ivistic th-eory of knowledge 
(Piaget, 1968, 19?i,» is iniissoiub'e fvcsi his interpretation of operati^nism — 
that is, the need for opera: imal analgia ?f the process cf knowledge acqui- 
sition. "Rcaiity" is const rucltd , r^r edneiit in xind, man Dr stimulus, and 
applies to the child anc, :-,v.trar»* tc s^c int&rpre ta t icr.s -g-i Steven?, 
1935), theorist alike. 

The form of ep<stemolog> r*/?icaj of /^ric^n ptvrhu legists (cf': Mt&chel, 
1971* has beer, nai*»e realism, and t'nar o^iantation \a« been quite useful. 
We not abandon it completely, »ur, 't snoula row be obvious that our 

eplster-oJogical preconceptions, whatever they nav te, are part of ou» viaw 
vf th* ci.-tld. Kessen Cl966> states the insjc dearly; "The child who is 
renf looted by a stable reality that can be d^ribec adequately i^ the lan- 
gua^s of contemporary physics, is a child very different fro^ the one who Jk 
seen facing phenomenal disorder from vhich he must construct a coherent view 
uf reality'' (pp.- 58-b9>. 

Art>lysis of cognitive learning and. development , then, is always "biased" 
by the :aci o c o context of preconceived ideas of reality (i.e., western cu3- 
rure) and a parti~uiar set of concepts or theory and selected data. Piaget's 
aprrcacK to the »inalysls of the development of children's conception of space 
provide** us an excellent ,?xanple (Piaget, J. and Inhelder, S., 1956). Th.e 
designation of a conception of space toward which the child will develop, 
i.e., that conception held by the educated advilt, is the critical first step. 
Ota the endpoint for this envelopment nas been stated, observations and in- 
ti>rpreratior of the child's L^'avior are organized around these specifications. 
Qhae\ vt.tions r.ot congruent wit!., and not struct urablo in terms of the speci- 
fied endpoint*., no matter how r^iUMe, cannot bt considered a relevant part 
ot development • This io not an exampje of bad science Of inappropriate pro- 
cedures siit ret her illustrates that conclusions about the child \s cognitive 
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apparatus miv be oa^ed a> much on the construction of reality imposed on him 
in the firs' place as on the reliability and generality of the observations 
we TJKe, V'ntitlrer we a" e engaged in instructional practices, or instructional 
research, r.i iheor> b'., ilcing,, there is, for each of ut, a set of guiding 
propositions that cpt^titu^es a theory of learning and development. These 
"fantasies 1 or ''frerlv invented ideas and concepts" provide a particular 
coherent view of the developing child and of the critical determinants of • 
the learring«p r occs3 

Fiaget's eM^temolagy, and nis biological background, thus predispose 
him toward in onerat i.val and structural analysis of the knowledge acquisi- 
tion process '/.iaget, 1967; 1968; 1970; 1971). The essentials of his posi- 
tion require only hrief review there. Knowledge is defined as invariance 
m\der_ tra rs for mat ion (a nost familiar concept to mathematicians).. The con- 
strurtioa of invar lances in organism-environment relations takes place 
through the opera tion of two corpl i^entary biological adaptation processes, 
both of whicn are under th* control of the internal self-regulating mechanism 
of equilibration. 

On<i of r.^e two processes (assimilation) concerns the application of 
existing cognitive -p»;~cional systems (structures) tc the processing of 
envi renner tal (sensory) Jjta. External data or events are incorporated 
into existing structures through both on-going physical and mental activity.- 
Such events ar.d the products of new experience can be incorporated into the 
cogn:ci v e structure only to the extent it is consistent with existing^ 
functional structures. * 

Accorcraoaatior is tie complementary process whereby adaptation occurs by 
integration of existing structures with other functional structures and/or 
by differentiation of new structures under confrontation with new experience. 

Activities s,uch as play, practical or symbolic, represent assimilative 
activity: whereas memory, in the sense of invoking past events, and imitation 
are accommodative since only existing structures are brought to bear on 
particular events or set of events. Assimilation is an active constructive 
process by which the data from experience are transformed and integrated 
with an already generalized cognitive structure. Accommodative activity, on 
the other hand, is aesociated with the process whereby application of existing 
structures are brought to bear on particular new events or sets of events, 
i.e., events or sets of events to which these structures have not been 
applied previously. 

Too often instructional theory and practice have emphasized assimilation* 
(i.e., "play") or accommodation (i.e., imitation) activity and neglected the 
role of equilibration of these complementary processes for cognitive learn- 
ing. Appropriate generalization of Piaget's ideas to instructional theory 
and practice requires consideration of three additional factors associated 
with Piage'tjian theory:- "logic," operative vs., figurative thought, and 
equil ibrat ion., 
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Operational Structures and "Logic " * 

Piaget (1970) recently elaborated his position that human beings possess 
the same biological structures and functions that, in "exchange" with the com- 
mon features of the naturaj. world, generate mental (operational) ^structures 
and functions characteristic of each stage of development. Logical thought, 
in the Piagetian sense, then is universal and of fundamental Importance to 
an understanding of development and learning. But, whereas Chomsky maintains 
the human mind is "programmed" at birth with cognitive structures (i.e., mental 
representation of a universal grammar), Piaget accounts for the universality 
and stability of structures across cultures (Piaget, 1967; Goodnow, J.', 1962: 
Goodnow, J., and Bethon, G., 1966; Greenfield, 1966; Maccoby, M. : and Modiano, N. , 
1966) in terms of the self-regulation mechanise, of equilibration. Thus, Piaget 
proposes that the mind- at ary point in development (i.e., life) is the unfinished 
product of continual self-construction (1971); i.e., "logical" processes 
are generative and not fixed. Structurej are not performed, but are self- 
regulatory, transformational systems with the 'functional factors in that 
construction being the processes of assimilation and accommodation. 

Intelligence, the basis for knowledge acquisition, consists, then, of 
two aspects:, adaptation (with the complementary processes of assimilation- 
accommodation and the self-regulatory mechanism of equilibration) and organi - 
zation consisting of sets of mental operations that form the basis for 
maintaining invariance under transformation (i.e., knowledge). It follows 
from these considerations that there is an inherent logic to development; 
i.e., operational systems consist of elements and laws of combination of 
those elements that form a "logical" closed system.- These mental structures 
are observable in the actions of the organism in its environment and- further,' 
are describable in terms of formal or logico-mathematical structures. 
Genetic psychological analysis of these structures is a necessary prerequi- 
site to an understanding of thought processes. "No structure without 
genesis, no genesis without structure" (Piaget, 1968). During the sensori- 
motor period of development, action structures of the individual are re- 
vealed in practical groups, i.e., the observable coordinated actions of the 
individual (Forman, 1973). During the pre-operational period, the child con- 
structs representations (figurative structures) which do not have the opera- 
tional property of reversibility.. Piaget was able to identify operational 
structure^ with clear mathematical system properties in children between ages 
five and seven. The discovery of a resemblance between the structure of the 
mental action system (reasoning or thought) and xatbematical structures 
(i.e., mathematical groups and lattices) had a profound effect on Piaget's 
thinking.; Thought, it would appear, has the same, or similar properties, 
as mathematical group structures, both of whicVi are governed by the same 
internal logic. 3 



3 Piaget never has tried to find a mathematical^'model" to 'fit" th» observed 
facts of behavior; rather the mathematical aspect of Jiaggf'a theory is unique 
in that he assumes, somewhat a reminiscent of Boole's M 1 aws of thought," an 
identity between the inherent logic* of thought processes and certain formal 
mathematical systems that have become "externalized, " through induLt^ve 
reasoning, and guide the action-patterns of the individual.. 




The basic structuralistic approach of Piaget involves finding logical 
mathematical systems that describe che thought processes of an individual. 
Mathematical group and lattice theory offers algebraic systems (Piaget, 1957; 
Flavell, 1963) for describing operational thought and Piaget has tried to 
take maximum advantage of that approach. To review the fundamentals: a 
mathematical group is a system consisting of a set of elements, together 
with an operation (law of combination), which yields the following system 
properties: (1) when applied to the elements of "the set, the combinatorial 
operation will yield only elements of the set; no elements external to the set 
can be produced; (2) each set contains a neutral (or identity) element that 
* when combined with any other element of the set'yielde no change; (3) each 
element of the set has an inverse which in combination with any element yields 
the neutral or identity element; (4) the combinatory operation (and its inverse) 
is associat!^; i.e., [ (n + m) + p ■ n + (m + p)]. Piaget found it necessary 
to generate a "grouping" model with additional properties' (i.e., both group 
and lattice properties) to describe the concrete operational structures. The 
properties of ihese psychological groupings are not derived from the properties 
of things, but from modes of acting upon things . Thus, the elements of psycho- 
logical ffouys^re , themselves, transformations that characterize the indivi- 
dual's operations as he acts upon incoming sense data.' 

The revelations emerging from relativity theory require a construction- 
ist^ position with respect to the nature of knowledge; i.e., understanding 
of knowledge acquisition requires a description and characterization of the 
mental operations and operational systems applied to the data of experience. 
Piaget's emphasis on structural analysis thus makas contact with the epis- 
temological implications emerging from relativity theory; the biologists 1 
emphasis on development as the formation, differentiation and hierarchical 
integration of functional (action) structures? and the mathematicians 1 em- 
phasis on formalized systems that permit description of these structures. 
The task of the developmental psychologist is to describe the nature of action 
structures of the child at each point in development and, as much as possible, 
to formalize those descriptions in terras of logico-mathematical terms. 

The classical "conservation" tasks, if administered appropriately, form 
one basis for generating observation of coordinated actions that appear to 
reflect such mental operational structures. The available evidence appears 
to support the possibility that such operational (mental) structures "exist" 
both in terms of replicability of developmental trends in task solution and 
training studies (cf: Beilin, 1971a) . : At the same time, neither psychologi- 
cal nor educational researchers' have yet devoted sufficient attention to the 
problems of the validity (i.e., internal consistency) of the grouping struc- 
tures (Clary, 1970; Green, D.', 1971), nor to the role of such structures in 
learning (Berlyne, 1961; Bruce, 1971; Inhelder, B.< and Sinclair, H., 1969), 
beyond these classical situations.: 

Only recently have mathematics educators become interested in Piaget's 
views of fundamental logico-mathematical relations, such as his ideas about 
the logical properties of number and space. Beilin (1971b) points out that 
philosophers of science generally have emphasized the desirability of iso- 
lating philosophical and logical systems from peycho-logical matters. Psy- 
chologists, mathematicians and logicians generally have maintained this 
position with respect to Piaget. However, a significant part of his psy- 
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chologlcal theory has mathematical and logical content which cannot be 
ignored (Leskow, S. and Smock, CD. , 1970; Alonzo, M. , 1967) by either 
psychological or mathematics learning researchers.- Mathematics educators 
rightly should be directed in part, to the analysis of the logical and mathe- 
matical voracity of Piaget's system and to the correspondence between the 
characteristics of the psycho-logic systems to those logic structures derived 
from purely mathematical analysis.* Recent work from Steffe'a laboratory 
(e.g., Kidder, 1973; Johnson, D. , 1971; Lesh, R. , 1971; Johnson, M. , 1971) 
represents an excellent beginning in this direction. 

Role of Experience and Equilibration ' 

Experience Is not a unique factor in development according to Piaget. 
Merely being exposed to particular experiences is conducive neither to 
cognitive activity nor to developmental change. Children may or may not 
make discoveries in the course of play, and watching a laboratory experi- 
ment (or conducting one) may or may not help a child acquire a particular 
concepts Equilibration (Langer, J., 1973) is the central factor in struc- 
, tural changes whether the reference is to stage or concept learning. Equlli- 
& bration Is the process of Intrinsic (self) regulation that balances assimi- 
latory and accommodative processes, compensates for external and internal 
disturbances and make* possible the development of more complex, hie ,rchlc~ 
ally integrated operational structures. Disequilibrium occurs as the child 
assimilates data from exchanges with the environment into existing mental 
structures. As cognitive structures change to accommodate to the v new in- 
formation, equilibrium is restored < The equilibration process is one of 
auto-regulation — both of the transformations of information based on exist- 
ing cognitive structures and of changes through accommodation* In any case, 
the child must be exposed to environmental input that "engages" the func- 
tional structures; i.e., he must be involved in a personal striving to under- 
stand or "accept" the task as a "problem." 

A basic question for instructional theory and practice is: What are 
the processes and conditions that motivate and insure engagement or accept- 
ance of the problem task by the child? The source of "interest" that promotes 
striving for problem solution is contingent on assimilative-accommodative 
activity but the specifics remain i^nclarified in Piaget's theory (cf: Mischel, 
1972) ✓ What Piaget means by the "need" of structures to function is a 
"primitive" factor not unlike the notion of competence "drive"- suggested by 
White (1969).. Within a structuralist framework — if a structure exists, it 
must function — cognitive structures appear to have a dimension of openness 
that make probable continual sources of disequilibrium from interaction of the 
Internal operational and/or figurative structures activated as well as by 
exchanges involving novel environmental input.; In any case, natural or lifelike 
contexts seem to provide excellent situations in terms of promoting cognitive 
change. Despite lack of specifications, Piaget Is quite explicit on his 
position: "It is not necessary for us to have recourse to separate factors 
«of motivation in order to explain learning, not because they don't intervene... 
but because they are included from the start in the concept of assimilation... 
to say that the subject is interested in a certain result or object thue 
means that he assimilates it or anticipates an assimilation and to say that 
he needs it means that he possesses schemas requiring its utilization " 
(Piaget, 1959). 
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Cognitive conflict, or the awareness of a momentary disequilibrium, 
represents a need £o establish consistency (equilibrium) between the existing 
•enemas and/or novel information and is motivation for cognitive activities. 
Both applying an existing schema and elaborating new ones in the course of 
development stem from simply the overriding need to make "sense 11 of* present 
problems by fitting them coherently into Schemas "learned" in the course of 
solving prior problems. 

The notion that disturbances introduced into the child's systems of 
prior schemas lead to. the adoption of a strategy for information processing 
* is the fundamental difference between the equilibration and associationistic 
theories of learning (Piaget, 1957b). For associationistic theories of 
learning} "what is learned" depends on what is given from the outside (copy 
theory) and the motive that facilitates learning is an inner-state of some 
sort of other. Equilibration theory holds, however, that learning is sub- 
servient to development;' i.e., what is learned depends on what the learner 
can take from the given by means of the available cognitive structures. 
Further, cognitive disequilibrium (functional need) is what motivates learn- 
ing (i.e., questions of felt lacunae arising from attempts to apply schemas 
' to a "given" situation). 

The child then will take interest in what generates cognitive conflict; 
i.e., in what is conceived as an anomaly. If the task demands are too novel 
as to be unassimilable or so obvious as to require no mental work, the 
child will not be motivated. 

After the period of sensor i-motor development, equilibration becomes a 
process of compensating for "virtual 11 rather than actual disturbances. At 
the operational level, intrusions "can be imagined and anticipated by the 
subject in the form of the direct operations of the system — the compensa- 
tory activities will also consist of imagining and anticipating the trans- 
formations to an inverse sense" (Piaget, 1967) Further, there need be no 
external intrusions in order for the equilibration process to be activated. 
For example, the acquisition of conservation concepts is, in Piaget's view, 
"not supported by anything from the point of view of possible measurement or 
perception — it is enforced by logical structuring much more than by exper- 
ience" (Piaget, 1967)- It is the "internal factors of coherence — the de- 
ductive activity of the subject himself" that is primary, Equilibratio- we 
noted earlier, is a response to internal conflict between conceptual sci.-mas 
rather than a direct response to the character of outside structure factors.. 
Equilibration is a matter of achieving "accord of thought with itself" in 
fhe service of establishing accord of thought with things. 

Unfortunately, little empirical investigation has been oriented to ques- 
tions of situational determinants of curiosity (Smock, CD. and Holt, B.C., 
1962) of children at various stages of development and with different 
experiential backgrounds; i.e., what children recognize as problematic, and 
what kinds of incongruities are sufficient to motivate change in concepts 
and/or beliefs., 
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Operative and Figurative Thought * 

A wonsiderable amoupt of con/usion concerning Piagetian theory and its 
Implication for both research and" instructional practice derives from a 
failure tc consider the figurative and operative aspect of intellectual func- 
tioning. In general terms, the distinction is between the selection, stor- 
age and retrieval, and the coordination and transformation of information 
(Inhelder, et. al. 9 1966). More specifically, the development of any se- 
quence of psychological stages, a_ la_ Haget , consists of an interactive 
process of equilibrating functional structures of the organism with the 
event-structures of the environment. Figurative and operational processes 
represent two types of functional structures necessary to account for 
knowledge acquisition, development and learning. Figurations are defined as 
those action schemata that apprehend, extract and/or reproduce aspects of the 
physical and social environment. Such action schemata include components of 
perception, speech, imagery, and memory. Figurations and associafed acts are 
based on physical, as contrasted to logico-mathematJcal, experience and con- 
stitute the "empirical" world;' i.e., empirical truth is no more than the "re- 
presentation of past events in memory." 

Operation^, on the other hand, do not derive from abstractions from ob- 
jects and specific events;' rather, operationaJ knowledge is derived by ab- 
stractions from coordinated actions on those events. Thus, operations are 
those action schemata that construct "logical" transformations of "states." 
Such logical systems of transformations operate either upor representations 
6f events, or on the cognitive system's own logical operations, i.e., 
reflexive operations. 

Figurative and operative structures are two parallel streams with their 
genetic or developmental origins in the same source (Piaget , 1967, 1968; 
Piaget, 1970, 1971) — the sensor i-motor structures. Logical (operational) 
structures are not generated from the figurative schemata, i.e., not from 
perception, memorx. etc. Reciprocally, figurative structures do not derive 
from operative /Schenas but from the representations of past states of events 
derived from physical experience. And most importantly, figurative struc- 
tures do not derive from eac*h other, but have unique bases in sensori-motor 
schema. Imagery, for example, is a derivative of deferred sensori-motor or 
imitation (Piaget, 1951; 1952; 1971) and not perception.. 

The postulation of these quite distinct functional structures is one 
of the cornerstones of Piaget's theory of knowledge acquisition and cogni- 
tive development (cf: Furth, 1969). Both the source and function of the 
structures are theoretically distinct. Operative structures derive from 
abstraction from coordinated actions, figurative structures derive from * 
sensori-motor and perceptual activity. Operative structures produce "lo 
cal" transformations (conservation of invariants) whereas figurative str 
tures reproduce sensory-perceptual consequences of environmental configu 
tion8. : The variant operative structures of the intuitive, the concrete, and 
the formal levels form the discontinuous sequence of stages of cognitive 
development. On the other hand, figurative structures are static and 
dependent directlv upon the data of experience (sensory-perceptual consequences 
of stimulation) Thus, Piaget makes the fundamental assumption that all 
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knowledg* acquisition activity is constructive, but the construction of 
figural representations is quite a distinct process from that constructive 
activity at the operative level.. 

Logically, there are three possible relations between the figurative 
«*nd operational structures. First, thes may be unrelated and, if so, as 
mentally segregated functional structures, do not set limits on the func- 
tioning and development of each other. Second, psychological phenomena 
might be reduced to one of the types of structures., LangeT (1969) suggests 
that subjective idealists, perhaps, try to reduce psychological phenomena 
to assimilatory operations;' and there are many theorists who try tc^preduce all 
mental phenomena to accOmoodatory figurations while naive realists propose 
that such processes are figurative; i.e., perception is knowledge (Michotte, 
19^3; Garner, 1962). Third, and the one proposed by Pioget, is that of 
partial communication between figurative and operative structure within the 
constraints of assimilation and accommodation processes. 0 

The relations, and the potential** orra of interaction ait st U^sut ical ly 
presented in Figure 1 below. 

Figure 1 

Relations of Two Invariant Processes 
of Adaptation and. Two Types of Cognitive Structures 



Adaption 



Assimilation 



Accommodation 




Environmental Events 
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Langer (1969) has examined the organizational and developmental (i.e., 
transitional) irpact of acconaaodatory figurations on assimilattry operations 
(See B t Figure 1); i.e., how does the child mentally extract and/or represent 
empirical information about physical and social objects and the consequences 
of that empirical activity for the construction of logical concepts. Imita- 
tion of an observed event, comparison of one's predictions with' the outcome 
of a physical deformation, comparison of observation or appearance with the 
way things really are, represent different modes of introducing conflict and 
cognitive-structural change. Generally, his findings are confirmatory, but 
not definitive with respect to the Piagetian hypotheses. In any case, if 
the development of each type of functional structure has implications for, 
but not direct causal effects upon, the functional structure and development 
of the other, current paradigms for the study of learning mathematical con- K 
cepts will require considerable modification The work of the Geneva group 
mentioned earlier concerning, for example, Armory (see A, Figure 1) and Langer's 
(1969b) analysis of the impact of accoromodatory figurations (i.e., imitation, ■ 
etc.) on assimilatory operations represents beginnJ ,p.s in this direction. 

Analysis of learning, in the context of Piagetian theory, poses require- 
ments for nuch more detailed empirical analysis than has been generally 
recognized.- On the one hand, researchers attempting to assimilate Piaget to 
their own conceptual structures concentrate on experimental procedures whereby 
the subject is required only to remember event contingencies (e.g., response- 
reward associations or "a" follows "b" follows "c"). Such procedures certainly 
produce change in "behavior" (e.g., Gellman, 1969; Mehler and Bever, 1967; 
Bever and Mehler, 1968); however, failure on transfer tasks, and a lack of 
persistence of task solution over time indicates that a figurative process 
underlies the change in performance. On the other hand, the accommodato rs 
(i.e., those more favorable toward Piaget's theory) often fail to generate 
experimental paradigms that adequately differentiate between the figurative 
and operational knowledge (Wallach, L.* and Sprott, 1964) or assume that 
"external disparity" (appearance vs.. "reality") is sufficient to establish 
disequilibrium (conflict) between logical necessity (derived from the opera- 
tional structures) and perceptual pregnance (cf: Bruner, 1966). For example, 
fituations designed to establish disparity between the child's predictive 
Judgment of the outcome of a transformation and his observation of the 
actual outcome may, in fact, generate jittle or no cognitive conflict.. 
Certainly, a most parsimonious explanation of many negative findings in 
training studies is that such disparity is external to the child's logical 
operational system. 

Implications for Learning and Instruction 

In some form or other, the goals of American educators have always been 
stated in terms of "optimizing" the intellectual, social, etc., development 
of individual children; a vague statement, obviously, and Subject to a variety 
of interpretations. Whatever imperatives that goal implies, the educational 
and instructional processes must be based upon an understanding of the nature 
of psychological development of children. Whether we want to produce individual 
who will strive to maintain the status quo; individuals who desire and accept 
change; people content to be technologists (i.e., skilled labor) ; or problem 
solvers; it is necessary to understand the basic processes of child develop- 
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ment and the conditions that permit "quality crntrol of the product" (if 
I may use cu' rent Jargon). 

The issue is important because science (i.e., theory and research) can 
only yield "what is " and not what " ought to be ." We are fortunate, in one 
sense, that the science of psychology (and of pedagogy) is young and imper- 
fect; the proposed models and methods for educating young children are no 
less imperfect and are influenced as strongly by current social thought and 
individual philosophical biases, as by an understanding of the laws of psy- 
chological development.. Such a state of affairs, while producing wasted 
efforts, spurious claims, more rediscoveries than discoveries, etc., can at 
least provide time for the development of articulated sets of societal 
goals for education. 

The best that can be hoped for, under the current conditions of cur 
knowledge, is development of preliminary "models" for instruction.* Such 
models can provide, at least, a schematic set of principles and guidelines 
for constructing a learning environment consistent with the admittedly inade- 
quate theories and knowledge of psychological growth. However, we should try 
not to violate recent advances in theory and known laws of child development. 

Piaget (1961b) has rightfully declined* tc generalize his theory to 
specifics for educational practice. He has, however, suggested a theory of 
knowledge acquisition which has contributed to clarification and integration 
of a particular set of propositions concerning psychological development 
(many of which have a long history in child psychology and education)* If 
we accept the fact that his theory of cognitive development is not ^et a 
conceptually or empirically "closed system," several deductions concerning 
the conetruction of "optimum" environments can be generated." A modest attempt 
in this direction has been made at the University of Georgia-Follow Through 
Program (Smock, 1969). The initial stage of that model is based on an 
attempt to generate a set of instructional principles based on our under- 
standing of Piaget's theory of cognitive development. Though many of the 
basic propositions upon which the model is based are not inconsistent with 
Piaget's thinking about knowledge acquisition, the interpretation is that of 
the modeler. It is influenced, therefore, by numerous sources of bias, 
misunderstanding, distortions, etc., that are inevitable under conditions 
where abstract theoretical concepts are not represented in unequivocal 
abstract or logico-mathemat ical ter"is. 

It now is clear the child can no longer be considered a passive recipient 
of stimulation, nor can external reinforcement be considered a primary factor 
in learning and behavioral change. The introduction of "mediation responses 
(verbal or otherwise) is not able to account for the complexities of observed 
changes in behavioral organization during the course of psychological growth 
during childhood. Many psychological theorists have adopted, in one form or 
another, the idea that human organisms actively respond to tie ir environment 
and that the patterning of these responses reflects a "plan" or "set of cog- 
nitive operations." In other words, the child interprets environmental event 
input, but these interpretations are controlled by his capabilities for gen- 
erating rule systems for coordinating and transforming the input to "match 
a scheme, plan, or a mental operational structure. Analysis of the "rule 
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systems" characterizing cognitive development, thinking, and learning requires 
SpeC V lc<ltion6 ° f th€ P ro P ertieS °*» a nd antecedent conditions for, acquisition 
and Jtructuralization of -environmental events (mental representation/figurative 
knowledge) and of mental actions (operative knowledge) involved in coordina- 
tion and transformation of those representations. The study of the development 
of rule systems defined as such is coincident, then, with the systematic 
investigation of the "inherent logic" of development of operational and 
figurative thought processes .< 

Intelligence, first of all, is considered no more, and no l^ss, than 
biological adaptation; i.e., adaptation at anv level of complex! :y reflects 
"intelligent" activity. "Knowledge" consists of two types ot functional 
structures (figurative and operational) that ;onstiuct invar. ants in organism- 
environment relations.. These invariants are derived from abstractions 
from objects (physical experience) m the fiist case, and frcr. c oordinated 
actions (logico-mathematical experiences) in the second. Intel" igence, then, 
refers to both types of cognitive learning ard development and is defined in 
terms of functions (thus, thinking, reasoning) rather than content (i.e., 
words, verbal responses, associations, etc.). Analysis of conditions for 
congitive learning and development must begin with the identification of 
components of behav iora^rgan i zat ion (structure) that reflect particular 
coordinated action-modes pf the child as he is confronted with changing 
intrinsic (maturation and prior cognitive ac quis i t icns ) and extrinsic 
(physical and socio 1 iAiist ic J* fac tors . 



Cognitive structures of systems of coordinated (mental) actions pro< eed 
through invariant stages of structural change with autogenetic deve lopmer r . 
The successive differentiation and hierarchical integration of these ccgni- 
tive structures permit the individual to . re with increasingly o -plex 
social and physical " realities." The process of cognitive development in- 
volves the changing characteristics of transformational rule systems (virtual 
and/or cognitive operations) characterizing tht child's rrode of adaptation. 
Neither the maturat ional structure of the organism nor the "teaching" 
structure of the environment Is the sole source of reorganization; rather, It is 
the structure of the interaction between the child and the environment that 
provides the basic intellectual deve lopment % i.e., construction by the child. 

Optimal conditions for structural organization and reorganization require :< 
a) an opti*nal degree of discrepancy betveen envi rcnmental-demand structures 
and the f unc t ional-psychological structures — both figurative (i.e., 
perceptual activity, Images, memories), and operative; and b) so- ial-learmng 
conditions that demand "spontaneous" or "'const c u« t ive" activity bv the ihild. 

Several impli-atlons for thf construction of theoretically appropriate 
learning environments are implied in these general principles. Firsts 
structural change, for example, depends upon experience but not in a way tiat 
traditional learning theorists corteive experience; i.e., learning interpreted 
as pairing of speM-fic objects and responses, direct instructions, modeling, 
etc. Rather, the functional genetic view holds that the cognlt Ive capac it es 
deteSMne the ef f eet iveness _o_f training . For exar.ple, ahilitv to solve cUss 
inclusion problems Implies that the chila alread\ has the requisite single 




and multiple classification operational system for classes (i.e., combination, 
reversibility, etc.) In addition to appropriate information selection, 
•torage, and retrieval abilities. At the same time, while experience Is 
necettary for developmental progress, ^nd appropriate enrichment of the 
environment can accelerate such development, -experience cannot change the 
•equei:ce, struc turii,? . or emergence of action u,od#»s in the process of develop- 
mental change. In other words, organization of experience is not provided 
solely by the environment cor by the internal structures of the child. 

Second, the structure of learning environment also must be considered 
relative tc two -frames of reference The cognitive development of the child 
first must be analyzed in terms oi the operational systems controlling his 
interpretation of environmental events. Such operations, or "transformation 
responses/' are expressed bohaviorally in the coordinated actions of the child 
at he Is confronted with changes In the physical and social world. For example, 
the mental operations of associativity, reversibility, etc., can be inferred 
from the manner in which the child attempt* Jo solve pro&lems involving regular 
environmental contingencies (causality), unWatanding of spatial relations, 
etc. The content of substantive areas (e.g., science, mathematics) then must 
be analyzed and structured in terms of their own logical sequence and inter- 
lockingness with other contents. Certain concepts in the physical sciences, 
language, and mathematics, for exarple, each have their own inherent sequence 
and structure. Thus, certain concepts and information are necessary precursors 
to subsequent understanding of higher order concepts. Further, the inter- 
locking nature of these "contents," ir. some cases, may be independent of the 
psychological state of the child. Optimal educational conditions require, 
then, thorough understanding of the psychological-cognitive capacities of the 
child as well as the sequential structuring of concepts within a particular 
curriculum area.. 

Third, the striving for equilibration between assimilatory and accommo- 
dative processes under both Intrinsic or extrinsic pressures underlies the 
adaptive process. Optimum conditions fo r structural recrRanlzat ion (learning 
in the broad sense) require dis equilibration. This condition is met when there 
It an appropriate "mismatch" between the cognitive capacities of the child and 
the conceptual dema-d 'evel of the learning task. Too little or too much 
"pressure* 1 results in over-assimilation or over-accommodation tendencies 
respectively, but does not promote developmental changes in cognitive structures. 

Fourth,^ facilitation of learning requires analysis of two levels of 
cognitive functioning — figurative and operative processes. The first 
(i,e., figurative thought) Is most emphasized by those theorists (particularly 
behavlorists) recommending a direct tuition approach to instruction. The 
operational theory of intellectual development does «ct deny the value of 
"provoked" learning (i.e., through Imitation, algorithms, etc.). Rather, it 
oust be recognized that such learnings are considered limited because of lack 
of generalization or transfer to new situations and because the basic (i.e., 
operational) intellectual processes concerned with problem solving and 
reasoning are not much affected. 

While there Is some doubt that much acceleration of structural reorgani- 
zation is possiKe through environmental enrichment, early childhood education 
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ahc Id provide opportunities for utilization of relevant cognitive operational 
structures^ Generalization of conceptual learning across content areas 
rather than the building of specific knowledge, and skills (e.g., a laroe 
vocabulary) should be emphasized since the latter cannot directly accelerate 
operational system change and may, in fact, retard development of these 
"deeper** competence structures, 

In any case, the natur e and variety of tne child's "exchanges" with the 
environment need to be considered in educational planning. The nature of 
the interaction refers to the relative emphasis on autogenesis (self-directed) 
as contrasted to exogenesis (environmental or teacher-directed) structure of 
the learning environment. The position qf the functional genetic position 
can best be summarized in the old adage — "You can lead a horse to water, 
but you can't make him drink - unless you feed him salt." Thus, the task 
of the teacher is to engineer an educational environment consisting of curri- 
culum materials, social interactions, and directed activities that provide 
appropriate "salt" for each child. Sequentially structured curricula could 
be designated to provide an optimum degree of environmental structure and 
level of conceptual material to permit appropriate ballnce of assimilatory 
and accommodatory activity. 

The amount of interacti on (i.e., enrichment) refers to the variety of 
structured curriculum contents which are relevant to the child's physical,, 
social, and symbolic experiences. The Interlocking nature of substantive 
curriculum areas makes it possible to provide a variety of experiences rele- 
vant to acquisition of the cognitive "products" that provide representation 
of the environment (raemoriea, vocabulary, etc.) and, at the same time, to 
facilitate the development of coordinated rule systems associated with cog- 
nitive operational development. For example, analysis of the yiaual environ- 
ment (attention or observational skills) as well as cognitive operational 
structures (e.g., conservation of area) can be emphasized In science, social 
studies, mathematics, art, etc. 

The engineering of an educational or "learning environment" based on 
tne preceding consideration necessarily involves some specification of: 
1) the child's* cognitive developmental level; 2) the physical structures, 
including curriculum materials; and 3) the social or inter-personal structures. 
The organization of these "elements" should be such that the equilibration, 
between different cognitive systems and/or between intrinsic functional 
structures and environmental structures, ia acnieved. Thus-, sequentially 
structur ed sets of curriculum materials and of social interaction situations 
are necessary to provide the "pressure"" necessary for learning (adaptation).: 
A variet y of specific learning environments needs to be available to maximize 
the probability of each child finding activities that attract or "trap" him 
into interacting with the physical (e.g., science) and social (e.g., social 
studies) environment at both the behavioral and symbolic levels (e.g., art, 
role playing, music). Finally, the physical and social environments should 
be arranged so that considerable freedom of movement, within the structure 
of a variety of contents, is possible, i.e., "a modified open-structure 
classroom./' A'careful balance between relatively high and low structured 
learning situations and betvcen group and individual learning activities 
should be maintained, 
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The Mathemagenic Activities Program, a model developed in the con- 
text of enriching the jducational environments of economically deprived 
children 1 *, is based on three explicit principles derived from the considera- 
tions discussed above. Specifically, the MAT principles of change — whether 
the target for change is the individual organism (child) or a complex^social 
system (e.g., Local Education Authority) are bssed on the above assumptions 
concerning the role of experience in learning snd development. First, the 
source of motivation to change is provided by s discrepancy (disequilibration) 
between different conceptual systems (ideas) and/or between previously acquired 
conceptual systems and environmental task demands. Thus, an appropriate mis- 
natch (M) is necesssry to generate exploratory activities and insure the 
individual has the prerequisite conceptual basis for learning higher order 
concepts. 

Second, since coordinated actions (practical and mental) are the bases 
for the knowledge ecquisition, the learning environment muat be strjctured 
so that specific ta»k demands include appropriate practical, percepiuaZ, and 
mental activ ity (A) 

Third, the learning environment must include provisions for personal, 
self-regulatory (?) constructions. Knowledge acquisition involves .o-mruction 
of invariants from properties of objects (physical experience) &r,c the 
child's actions on objects (logico-mathematical experiences). OptUal .-oadi- 
tions for facilitating new "constructions" (concepts learning* invcl 'e a 
balance between tasks that are highly structured (in which the ch: 1 i =er e ;> 
"copies" or imitates the correct solution) and tasks that permit the chllo to 
generalize and discover new applications of his concepts. Practically, self- 
regulation implies a variety of task options available to the child, \be number 
of options may well vary with the nature of the task, level of d*r'*l v»enc, r 
and many other factors. However, MAP proposes that optio.it — in terms 
level of task difficulty, mode of learning, and choice activity itself — 
are necessary ingredients of developmental chang*. vhetter the target be a 
child, a teacner, or an educational system. 

The implied educational model requires significant c^a;:ges U. the 
teachers' ro]e definition and teaching strategies us v<?i as tactUs). 
The need for sensitivity to the child's capabilities, and .hr structuring or 
learning situations that promote self -regulated, ,, wwstr^ctive M kr.cviecV 
acquisition, together with thorough acquaintance with salable ttcbw logical 
aids, require an "educational engineer" in the best seaae rC ivit term. 



\Mathemagenic Activities Program: A Model for Early Childhood rdvecti-n, 
prepares by CD. Smock (A preliminary statement of the conceptail basis fcr 
the Mathemagenic Activities Program for the Follow Through Program nppe*re1 
in Terminal Report, Research and Development Center for Early Educational 
Stimulation, University of Georgia, August, 1970), 
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Two Special Aspects of Hath Labs and Individualization :- 
Paper t's Projects and pjagetlan Interviews 



Robert B. Davis 
Director, The Madison Project 
University of Illinois (Urbana) 



Math laba and lnd ivldualizatlon have moved Into a new era. For the 
next few years., the Important new emphasis will be on "Turtle Ubs", PLATO 
terminals, and new diagnostic procedures.: 

What Is Old 

IXirlng most of the decade 1963-1972 the effort toward "math labs" 
and manlpulatable materials In the United States was In the direction of 
learning how to use a "lab" and "exploratory" approach In school mathematics. 
Thla Involved learning about appropriate physical materials, from Cuisenaire 
rods and geoboards to pebbles, bottlii-caps , and stringy it involved 
Identifying worthwhile exploration* that students could undertake (ss in 
the formula for the number of moves in the Tower of Konoi puzzle, or in 
Pick's Theorem for geoboards, etc.); it involved developing the strands 
of mathematics (such as graphs and functions) that could make the lab 
explorations fruitful; it Involved re-consideration of classroom layout 
(e.g., creation of a "math lab corner") and a time schedule thatf would 
facilitate a hands-on approach; and it involved developing an explicit 
rationale to explain to outsiders what this was all about. The recent NCTM 
Annual Meeting in Houston, Texas, was dramatic testimony to the completion of 
one stage in this historical process among t*e commercial exhibits, more 
space was devoted to manlpulatable materials than to traditional textbooks, 
and the major excitement was around manlpulatable physical materials, 
cop*puters, self-study machines, and so on. 

The "how- to-do- it" decade drew heavily upon the work already done 
In Great Britain; the general impact of British programs is well- summarized 
in two books by Bdlth Biggs, one of the leaders of the British movement: 



The Schools Council, Mathematics In Primary Schools . 
Curriculum Bulletin No. I, London, England, 
Her Majesty's Stationery Office, 1966., 

Edith Biggs and James MacLean, Freedom to Learn . 
An Active Learning Approach to Mathematics . 
Addison- Wesley (Canada), 1969., 



Another excellent book, covering virtually every aspect of the "experience" 
approach tc learning mathematics is: 



Among observers of the American scene, Sllberman has viewed this 



movement with approval (Charles E. Silberman, Crisis in the Classroom . 
m The RemakluR of American Education . Random House, 1970. Cf. especially 
pages 206-297.), and Morris Klein has almost completely ignored it 
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(Why Johnny Can't Add . The Failure of the New Math ., bt . Martin's Press, 
New York City, 1973).. 

As the use and rationale for math labs developed further, rvm> educators 
were lod to "open education." But while most of this work has not vet 
been effectively Implemented In most schools on th* research level this 
Is now #11 "old hat", at least in the sense that excellent programs do 
exist In some places (e.g., In the Bank St i et School In New York Cltv), and 
excellent written discissions already exist (cf. Sections C and !> in the 
bibliography), f 

What Is New 

But the point isUhat we arp entering a new Ta, and the task uefore 
t s is no longer the light-hearted discoverv of delightful pr<*ctlcps In 
England, but rather the job of looking beneath the sur**rr> to glimpse fhp 
foundation we are building on. Consequent lv , the present note deals vith 
three speclallzod topics that are Suggestive of th»* task^ that face us 
nowadays. The first of these Is the PLATO project the second \ s Se'nour 
papert's use of "Turtle Labs" In elementarv school mathematics, which iia^ 
point to a wholly new approach both to curriculum and to learning, experlonces 
and the third Is an adaptation of Plagetlan interview proctJ rps b. T.ick 
Easley, Stanley Erlwanger, and their colleagues, which has domo- <; > rated a 
quite unprecedented capabllitv of revealing a child's Idoas about lathematlcs 
The children's Ideas, as thur identified, are far different from what 
anyone suspected.. In fact, tis discrepancy is potentials thr nost 
revolutionary thing In mathematics edication today, and surplv one of the 
most Interesting. 

PLATO 

The PLATO Project at the University of Illinois in Urbana-Champa ign is 
the largest educational computer system In the world. Its Director is 
Professor Donald Bltzer, a rwent ieth- centurv Thomas Edison who has person- 
ally Invented many new hardware and software devices that make the syst-n 
simultaneouslv one of the most flexlb 1 e, yet also the cheapest, of the 
available computer systems. Earlier versions of the system called 
PLATO I, J*LAT0 II, and PLATO III — have provided computer-based instruction 
at' the University of Illinois for the past twelve years. The greatly 
Improved PLATO T/ system is now being phased In and — besides continuing 
to provide jniversitv- level instruction will soon begin to offer 
instruction in several cotn™inlty colleges, and In reading and mathematics 
at the elementary school level.. 

This Is perhaps not the place for a detailed description of the uses 
and rotenHalttlPs or PLATO, but at a more modrst level it is surely true 
that a PLATO terminal In the corner of the rcom can be t*he most Important 
item lr. a math lab, and a cluster of PLATO terminals can provide the best 
delivery system for Individualized programs that presently pxist. Tor 
information write to-. Computer-based Education Research Laboratory, 
University of Illinois, Urbana t Illinois 61801. 
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Papert's "Turtle Labs" 

An entirely Slfferent use of computers (and other technology) Is 
being developed by Seymour Papert and his colleagues, at the Artificial 
Intelligence Laboratory at M. I.T. Papert does not use his computers to 
"teach" children anything; rather, he uses the computers to provide a new 
kind of environment that a child can live In. Papert' s rationale Is subtle 
and profound, and cannot be reduced to a few brief propositions — but 
perhaps some brief remarks can serve to suggest Papert 1 s analysis. "Suppose" t 
Papert says, "your ^daughter takes a course or- two In French.. Wilt she 
learn to speak French 7 " "No", he answers, "probably not not really. 
But does this mean that she Is somehow unable to learn to speak French 7 
Clearly not, for if she grew up In France she would speak French, quite 
fluently." This, then, gives us an Important clue — perhaps, Instead 
of taking a course In French, we should live, for a time. In France., Perhaps, 
Instead of taking a course In mathematics, a child should live for a while 
In Mathland. But where Is Mathland? It Is where children can talk with 
Mathematical Betnga about matters that Interest children -- using, of 
course, the language Mathematics. 

Well, where on earth Is that 7 

Nowhere, Papert replies, unleas we -build It somewhere . He has built 
It somewhere — «pectf Ically , In schools In Lexington and Concord, Massachu- 
setts, and In Exeter, England,: The Mathland that Papert has built he calls 
a "Turtle Lab." In It there are music boxes that produce music, under 
computer control. There are electric typewrltera that type whatever the 
computer tells them to type.. ThereVire some electrically-operated wheeled 
vehicles that role around the floor, following orders that they receive 
from a computer.. There is a television tube ("CRT") that displays what- 
ever tfte computer orders It to display. There Is a marionette show where 
the choreography is determined by the computer. 

And who tells the computer w^ar to do 7 The child, of course! But 
since the computer speaks Mathematics, the child must converse with the 
computer In Mathematics . 

Notice that the child does NOT first "study" mathematics, then "apply" 
It to the computer.. No i* -e does he first study English, then apply It to 
telling his parents that te wants a bottle, or the blanket to cover him up.. 
He begins using English -- and, In the Turtle Lab, mathematics — to express 
himself. A child's Initial learning of Engllah comes from using JLt to 
pursue worthwhile goala.. Similarly,. In the Turtle Lab, a child acquires 
a mastery of mathematics bv using it to pursue worthwhile goals.. 

There Is, In fact, a special version of the language Mathematics — In 
reality It Is called LOGO — that Papert developed that allows any child 
who can read, write, and count, to tell computers what he wants them to 
do, Papert has arranged for his computers to be programmed so that they 
understand the LOCO language, and hence carry out the things the children 
tell them to do In a sense, Papert's LOGO- speaking computer Is an Infinitely 
docile, perfectly obedient pet — a kind of super-dog -- that never tj.res 
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of carrying out the child' • commands., Of course, computer! are so obedient -- 
or, If you prefer, so stupid — that you must always be careful to tell them 
*xact ly what you mean, because they will follow your instructions to the 
word, to the letter,; to the dec in* 1 point. You must make sure you say 
what you mean . . and you must say it in the language Mathematics. 

In order to permit comparisons between Papert's Turtle Lab and various 
other learning settings, we "ed to mention briefly one or fvo other aspects 
of Papert's approach. "You lesrn" , Papert argues, "by doing, by thinking 
about what you are doing, and by talking about what you are doing." 
Papert's program is individualized In the same sense that wood-working 
shop is: one child is making a bookcase, which he will take home, 
another child is making a toy sail boat, which he will take home.. In the 
Turtle lab an analogous thing happens:- one child is working out the 
choreography for a puppet show, another child is programming the cowputer 
so that one of the "turtles" will become skillful at escaping fiom mates.. 
In this sense, the Turtle Lab _is individualized. But in a more important 
sense it is not Individualized at all. Just as the child making the sail- 
boat may ask advice from tb«» child making the bookcase, so the children in 
the Turtle lab often talk with one another to get suggestions on how to 
overcome various technical problems. 

To m*ke such discussions even more fruitful, Papert has developed a 
heuristic me ta- language , reminiscent of Polya, to aid children in talking 
about their work. They divide large problems Into smaller ones, they look 
for "bugs" (computet talk for inadequacies in algorithm*) , they try simpler 
analogous problems, etc.. This emphasis on analyzing what you are doing is 
a central, and major, part of Papert's learning environment. 

It is also worth pointing out that in tne Turtle Lab, as in woodworking 
shop, children work on projects , not merely assigned problems. Projects 
are (mainly) chosen by the children themselves, often d#5«<rned by the 
children themselves, and are permanently stored in the computer for use 
whenever desired. This makes possible a great cumulative power.. At the 
start of the school year, in September, children program the computer to 
execute relatively simple things. These computer programs are called 
procedures . A September procedure might be as simple as having the 
computet draw a triangle or the CRT., But after it i& written , each 
procedure is named, and the computer will execute che procedure whenever 
the name is used in later procedures. One fifth-grade bov extended an 
early triangle-drawing procedure to a procedure that would draw an arbitrary 
broken line — which could cl««c on itself to form a triangle, or a square,; 
or an octagon, etc., hut need not do so. Using this procedure, the bov 
wrote other procedures to draw fish,, aquatic plants, and finally a whole 
aquarium scene. 

Looking at the aquarium scene one is overwhelmed uv its complexity 
to think that a iO-year-cld boy told a computer how to draw it! - but 
the important point is that it is built out of less complex pieces that 
the boy assembled all year lonp,. Nor did he, in Septenber,; have any idea 
that he would make the aquarium scene months later Rat her, ; he began by 
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making something that looked as If It might be useful.- Then he made more 
things that looked as If they might be useful — or might be fun to make. 
As he made new things, he saw opportunities to incorporate as components 
some of the things he had done earlier. Thus he came to build very 
complicated things that were, in fact, made up of simpler things used as 
building blocks.. 

This cumulative use of past work has great power, snd , emotionally, 
It shows a child that the things he has been making are worthwhile.. It 
la the opposite of making something only to throw it away. In the Turtle 
Lab, you make thinga in order to keep them, enjoy them, and uae them 
pe rhaps aa pieces In something even more complicated. 

Information on Papert's Turtle Labs can be obtslned by writing to 
him st this address v Massachusetts Institute of Technology f 545 Technology 
Square, Cambridge, Massachusetts 02139. 

A Child's View of Mathematlca 

Until recently it had been fashionable to say that "ideas*' are 
lnacceas ibie , we cannot know them, and therefore we must content ouraelvea 
with considering "behavior." A witticism summarized 5 decadea or so of 
American psychology by saying:- "Man, having lost his soul and his freedom, 
has now lost his mind." This was an unfortunate point of view for mathe- 
matics, because mathematlcsl entltlea are ideas, they exist nowhere except 
in the human mind., The study of mathematlca is necessarily the atudy of 
concepts, of cognitive constructs.: Deprived of a concern for ideas, one 
Is automatically a fort lor i deprived of mathematics.. 

For some time there has been intellectual warfare between two 
factions of educators who espouse opposite sides of this questions the 
one side emphasising a focus on the child's ideas, while the other side 
advocates the svoldsnce of "Ideas", and a focus on externally-observable 
"behavior". (Cf,, e.g. Rising, et al., 1973.) To this sbstract Intellec- 
tual dispute there has recently been added a lively empirical confrontation. 
The "behavior" approach, in this fight, is presently represented by s 
paper-and-penc 11 "individualized" mathematics curriculum created according 
to the behaviors to be developed, which was authored by some of the 
leading proponents of the method of focussing on observable behaviors. 
The "Idea" aide is represented by Professor Jack Eaaley, of the 
University of Illinois, and a group co-workers, notsbly Stanley Erlwanger, 
who have adapted Piaget's clinical interview technique in order to inves- 
tigate children's ideas about mathematics. The Eaaley- Erlwanger group 
did not In fact plan a confrontation. What they had In mind was an 
exploration of children's ldess about mathematics.. Fate provided a direct 
confrontation of the two philoaophies . By accident, many of the children 
studied by the Eaaley- Erlwsnger group havo , for several years, been 
students In the "individualised" curriculum created according to "behavior" 
criteria. Hence by accident — the two points of view are now engaged 
In direct battle on an empirical battle ground. What ideaa do children 
have about mathematics, and where do these ideas come from? But Che 
children being studied are in a school program that de-emphasizea "ideas" 
hence the dramatically focused confrontation. 
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What Eaaley and Erivanger have bee" finding, in purauit cf children 1 ! 
Mathematical ideaa, la perhapa the nott exciting thing now going on in 
mathematics education. 

The caae of Benny ia typical. Benny ia a alxth grader, haa been in 
the individual lied math program aince the beginning of grade two, and was 
Identified by hia teacher aa doing veil in mathematics, being In fact one 
of the moat aucceaaful atudenta in the clsss., 

Erlwanger haa audlotaped many houra of interviews with Benny; theae 
tapea are now being carefully tranacribcd. I mane uae, here, of a preliminary 
transcription that may have involved aome minor paraphraaing of language, 
but the actual mathematics haa been carefully checked for accuracy. It 
la juat aa Benny did it. 

Converting fractions to decimals: 

E: How would you write 2/10 aa a decimal or decimal fraction? 

B: One point two (writes: 1.2} 

E:< And 3/10? 

Bj (writes: 1.5) 

Asked to explain hia procedure, Benny aald (for the 5/10 example):, 

Br- The one atanda for ten then there's the decimal point; 
then there's 5 ahowa how many onea . 

Other conversions made by Benny: 



400/400 - 6*. 00 

9/10 - 1.9 ("The decimal means it'a dividing till you can get 
from one nine that will be 19, and in that 1.9, 
the decimal ahowa how many tens.") 

429/100 - 5.29 

3/1000 - 1.003 

1/8 - .9 

1/9 - 1.0 

4/6 - 1.0 



It la probably already clear that Benny haa hia own methods for doing 
things. They are methods , and he uaea them very methodically — even 
thoughtfully. But, unfortunately, Benny haa not lc«med good ways to think 
about arithmetic. 




Here is some more of Benny's work;. 
E:: And 4/11 * 
B. 1.5 

E? Now does it matter if we change this (pointing to the 4/lU 
and write instead 11/4 * 

B; It won't change at ill; it will t>e the same thing ... 
(writes: 11/4 - 1.5) 

How does this work 7 4/11 ie the same ss 11/4 ' 

B-- Yah ... because there's a ten at the top.. So you have to 
drop chat 10 ... take away the 10,, put It down at the 
bottom . 

(writes: 11/4 

then Xi/4 

then Xi/14 

then 1/14.) 

So, resiiy, it will be 1/14., So you have to add these numbers 
up, which will be 5 ... then 10 .... so 1.5., 

For the inverse process, converting a decimal t« * fraction, one gets 
a choice of many "correct" answers*: rh-i .S can be 3/2, or 2/3, or 1/4, 
or 4/1. 

Addition of decimals :, 

E: Like, what would you get if you add -.3 ♦ .4? 

B ■ That would be ... (writes-, .3 + .4 - .07), 

E-< How do you decide where to put the point' 

B-< Becau** there's two points; at the front of the four and 
the front of the three. So you have to have two numbers 
after the decimal, because . , v you know ... two decimals. 
Now li*e if I had .44 ♦ .44, I have to nave four numbers 
after the decimal. 

E: How about 3/10 ♦ 4/10 

B:. (writes:- 3/10 ♦ 4/10 - 7/10) 
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Purther answers by Benny- 

4 + 1.6 - 2.0 

7,48 - 7 - 7.41 

A ddition of fraction! : 

Answers by Benny :< 

2/1 + 1/2 -3/3-1 , 

( M 2/1 + 1/2 it juat like laying 1/2 + 1/2, because 2/1, 
reverse that, (writes 1/2), io It will come out one whole 
no matter which way. One 1§ one.") 

Recall that Benny had been identified his teacher as a very successful 
student in mathematics, perhaps the best in his class. Nearly every 5th or 
6th grader studied by Erlwangcr has had mainly wrong ideas about arithmetic — 
although many of these children were regarded an successful by their teachers.. 
Apparently the usual diagnostic procedures used In school are not adequate to 
pick up the erroneous ideas many of these children have. Moreover, the 
children range in I.Q. from 100 to well over 120, one would expect that they 
ahou lo able to understand mathematics.. 

Returning to Benny's work, show., above, It is important to note that 
there la a pattern to all of this.. Not only is Benny consistent within his 
own scheme, but as one looks at a large numoer of children and compares their 
methods with the Instructional program, one sees that where the students 
have gone astray, their errors match up with identifiable features of the 
program of instruction that they are experiencing in school. Obviously, 
one cannot prove that the_ instructional method Is responsible for the 
psrticular kinds of errors that have been built Into the children's 
cognitive schemata, without undertaking • sireable study of children in 
different school curricula. This has not yet been done — but Erlwanger 
and Easley do have it on their agenda for the future. For the moment one 
can merely look at the childien'a idea«, look at the cov~ae of Instruction, 
and ask:' i« it reasonable or credible that this course of study should 
lead children to form these ideas? 

Features of the Program of Instruction t 

The program of lnstrm-Hn n that Benny and the other children were 
pursuing in school had, among others, the following features: 

Working alone . It was "individualized" in the sense that each 
student worked alone, by himself-: This had several consequences, 
r.rtcd below. 

Paper-and-pencil . The program existed on pieces of paper — 
printed booklets, written answers, witter, judgements (by th* 
teacher) on some of those answers (but very tetchy Judgements, 
mainly limited ^ "right" and "wrong"). 



1. 

2. 
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Absence o f physical materials . The program did not use any 
math l^b" raterials or experiences: no measurirg cups, no 
actual cooking, no meter sticks, no making maps of the school 
yard, no Cuisenaire rods, no Dienes MAB blocks etc. 

No disc ussions . Because each child worked alone, he had no 
opportunity to hear (or participate in) classroom discussions, 
peer-group teaching, explanations of what he thought he was 
doing, etc . 

Nn__heuribt:__ -^ ta-language . Obviously, then, no special way 
of talking about what you are doing was developed (quite in 
contrast to Papert'sVery careful development of a heuristic 
meta-lan*; .age) 

So,dlafinosls. No serious diagnosis of a child's ideas was 
carried out.- (The teacher was unaware, for example, that manv 
of the children considered that, in 

3.3 

the 8 Indicated "the wholes", and the 3 indicated "the parts", 
and that they therefore believed that 

8,3 - 3/8.) 

Se it-lon tests .- The material was divided i^to sections Cor "levels"), 
and, in order to complete a section and move On to -he next section, 
a cnild had to take a section test aud get at least 80% of the 
answers right. This arrangement was intended to avoid cases like 
reony 8. but it clearly failed to do so (Whv_ it failed is an 
interesting question!). 

("necking answers. As a child worked on problems, either he would 
-heck them himself against an ans^n- key, or a para-pro f ess ional 
woi'ld chek ther. 

^bfeence >' t -Punter-examp les, ^iven good diagnostic work and a 
high level of teaching, one of the most important activities would 
undoubtedly have been confronting student with contradictions 
and counter examples to their wrong generalizations. GU the 
conditions of this particular curriculum, this sort of t;"itv 
was Irpossib^e, and did not occur. 

f ^rP At_lt^ -ind haste . The program was highly competitive, and 
rr,e rompetition was based on speed, A race-track drawing in the 
r iassroom showed who was the leader (in the sense of having 

o-pleted the rost "levels" or sections), who was ne> t , etc.. 
F.very child s standing in class was displayed for everyone to 
see (Comparisons were onl y on speed; no consideration uas gi 
tf 'reativitv, depth of understandings etc.) 
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11. Hopogeneous probler sets . A^ v *trgle probler set dealt with one 
subject.- Consequently, careful analysis of h^- to attack a 
probler was never involved; looking at a probler for clues as to 
how tc proceed didn't occur. You did wMt was being covered m 
that particular lessor.., 

12. Task and feedback , A typical task — say, adding decimals — 
w£S introduced by a sketcr.ed-cut instance, such as: 

.1 + -3 - 

A student was supposed t? stare at this eva-ple, then go anr 
do likewise, Vhat this r.ear.t was that he guessed at a patterr, 
then tried to use his pattern to answer similar questions, after 
which he corpared his answers with those in the key. If they 
disagreed, he used this feedback — very different in essence 
froiTa counter-exarole a sr.arply pinpointed contradiction — 
to re-adjust his pattern, and to build up Ms own rationalization 
as to what was going on. 

This question is so i-.pcrcart ilut it ceserves f^rt^er discussion. 
Suppose ycu have "solved" 3 -robler — tie subsequent discussic- 
depends on the kind cf problem b ' - -': sav it was 

:/: <- i n - i '5. 

Neti.-e t*-at there are -anv different kuil§ of c -»bdcfc trat vou 
rright receive, and ncti~e ho. irportart th* -ces are. here 

are a few possibilities- 

if Vo. are told that ycur answer is wrong 'this is the cnlv 
feedback which tPis prcKrai: usually rrcvided^;, 

in *re askeo tc -ake a picture cf a pie fcr a rectangle), 

c ,.ior 1/2 of it blue. 1 7 of if re^ ard see ' t .r\ 
sun seems t be ; 

lilj So-eone goes over y:ur prcced-re witr \oi, cr.e step at 
ti-e, ard disc .sses 03'.** *tep. 

Tl, In King of "att'W ti ,1 Chine se Crt ro^ra££^ 

Tor tr.ese chi:di* , ~at herr-a* irs corsists of svr.bois on papers. Tl e 
obje/t of tie M"* is -:et t-e riaht sv-bois ir. t^» right pla-s. r: ^ 
Tight take this attit. * ,f you asked re tr -opv s— e Chinese chara- t er^ . ; 

Tris was r e vp rf ;^ l-an-. vtr'.^ example*, rc-siiere<< ^^.e. 
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lt Is also shown by r>e following *ork of a 7th grade student (not 
in Eriwanger's sarsple^r 



Q:- How else night you write 



is ■ 



A: (by 7tn grade boy): 



65 » 6 3 . 

£T ~j~ subtracting exporents 

5 — V tr ied to take f frca 3, couldn't, 

Jnd "regrouped"' the numerator. 

* 5 subtracting 6 fror 13. 

Ycu couldn't make this kind of error if exponents meant so-ethir.g to 
you: if you had a clear notion of the size of varioas numbers, etc. You can 
only make this kind of error when you are applying rote merorizec. procedures 
to relatively meaningless symbols. 

The S stall Procedures Are Correct 

In tne examples above, and in nearly all we have studied, the small 

'pieces" of procedures are cornet. Trey are by no means random. Indeed, 

in most cases they could be classifies as regression ro earlier ideas. 

Cf. the example witb exponents. V-er. the boy found himself confronted with 

6 ' 

since it did not have for hir a clear reaning he had to do sore t rung . What 
he did was to use the correct algorithm f^r this problem:- 



namely, "re-group" as follows 



and sub tract 



63 
- f 



f 3 

~5 7 
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Si'ilarly, Benny's rule for placing .he decimal point in the problem 
.3 + .4 - .07 
was correct , but belonged with the problem 

.3 x .4 , 

and not with the problem in addition. 

Throughout hundreds of examples the pattern remains clear:- ehildren 
use correct mini-procedures, but don't -lvavs pick the correct one fox the 
actual rroblec at hand. The little pieces are correct, but belong some- 
where else. 

How much practice did the school program provide in the problem of 
sel ecting procedures? Very little, since most problem sets were homogeneous. 
Once you fourd, perhaps by trial and error, some procedure that yielded an 
answer the tea -her would accept, you merely used this same procedure on 
all the other problems on that page. 

Confusion of Similar Stimuli 

It is especially worthwhile to compare, side-by-side, the actual 
problems children were supposed to be working on, with the problems f> r- 
which their (inappropriately chosen) mini-procedures ca^e- Here .re a iew, 

k « Senny (grade 6; "at the top of his class" according to teacher's 
rating) :< 

.3 + -A - .07 

(That is to say, while Benny's addition -ini-procedure to add 
1 and 4, °ettir.« 7, was correct and appropriate, his mini- 
procedure 'for placing the decimal point was rot appropriate *rr 
this problem — but it would have been appropriate for 

.3 x .,4 

Hence, in selecting a mini-procedure for locating the deriral 
point, Rennv confused these two stimuli" 

. 3 + .4 vs, . 3 x 
m Bennv, again. 

A_ - 1.5 
11 

The partial procedure concerned with the digits *e * ar' IX ^ 
to get 15") is a correct one, but Benny has ronfused the stlr-.nl 

4 vs., 4 

u U 
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In the vast majority of these cases, the two sti;rul£ which were con- 
fuaed were, in fact, actually quite similar. Apparently the children 
haven t learned to make finer discriminations between rather similar stimuli. 

But, before one adds to the curriculum some units on discriminating 
rather similar stimuli, it is worth noting that, in curricula based on the 
aeanin fl 8 of the symbols, and giving priority to thinking about these meanings, 
it appears to be the case that this problem of stimulus confusion is far 
less severe. Perhaps it is not advantageous to conceptualize these symbols 
as stimuli — maybe it is better to consider them as marks that are supposed 
to refer to some important idea , and to focus attention on these ideas . 

Children Make Up Their Own Rules 

In this school's course of instruction, relatively little attention is 
paid to whjr something is, or is not, true. There is also no chance at all 
for a student to explain his line of thought to a teacher. Consequently, 
whatever ideas a child gets — if they produce, for the time being, acceptable 
answers — will go unchallenged and unanalyzed. 



I.Q 
that. 



Consider the case of Natalie, a 10-year old fifth grader, whose recorded 
is listed as 99, but whose actual I,Q. ; is almost certainly higher than 



Asked to add 



Natalie wrote 



.4 + .3 



.4 ± ..3 - .7 



This vas like one of her usual problem sets. She wrote the answer the 
teacher wo;jld expect — hence no one discussed with Natalie how she was 
t hinking about this problem . 



Asked ro add 



Natalie wrote 



A. + •>< 



4. + 3. - 7. 



Again, whas one would expect. Again, no one discussed with Natalie how .she 
was thinking about this problem.: After all, she got the right answer, didn't 
she' 
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Here Is P art of Erlvanger's interview:, 
r: .4 + 3. - 
N: .4 + 3. - -7. 
Notice the creation of a new symbol 

.7. 

which presumably can have no meaning to Natalie as a number . How large is 
.7.? 

, But Natalie has finally revealed to us something of the -?sy she is 
thinking about those little periods that they use in mathematics. "If they're 
on the left in the question", Natalie seems to think, "put them on the left 
in the answer." Consequently, when « for the first time — Natalie encountered 
the^on both left and right in the question, she decided to put them on both 
the left and the right in the answer.'' 

Children make up their own rules. It often_pays to find out what those 
rules are . It is not enough to know that, for the moment, those rules seem 
to be producing right answers,; They may still be wrong rules. 



The Absence of Meaning 

Perhaps this is really a restatement of the Chinese orthography theme., 
Benny again provides an example: 

Asked to add 

,3 + .4, 

Benny wroie 

:.3 + .4 « .07 
Asked, immediately thereafter, to add 

10 10 ' 

Benny wrot* 

"toT + "To" " To" "' 

Benny was not disturbed by any incongruity hers; yet obviously for anyone to 
whom the meanings of these symbols are important, the gross inequality in the 
size of 7/10 and .07 is conspicuous, salient, and arresting — not a matter 
that one could easily overlook, by any means. Yet Benny did not see it at 
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all (or else he didnVt see the relation between 

3 A 
10 + 10 

end 

. 3 + , 4 ) . 



The Child's Use of Feedback 

We have remarked earlier that the school program provided the children 
with no feedback that related to meaning — only feedback about right or 
wrong answers . Hence, for the children, math became a kind of guessing game. 
You tried something, and waited to see what happened.. If necessary, you 
adjusted things, and tried again, : This use of feedback is appropriate and 
inevitable — in math, or i n learning to bowl, or learning to ride a bicycle — 
but the feedback aust relate to central meanings^ not to peripheral details . 
hath as a meaningless guessing game was revealed in the language used by 
many children. For example, Lori, a 6th grade girl with an I.Q. of 123, asked 
to write 

1 000 

as a dec Imal , 'said : 

"I'd probably write 1000.21." 

The use of the phra6e "I'd probably write ..." is as significant and as 
characteristic as t\ c wrong answer she did write., 

Benny stated this even more emphatically:* 

F:< It (the process of finding answers to problems) seems to 
be like a game. 

b:- (Fmotionally) Yes! It's like a wild goose chase! 

E:< So you're chasing answers the teacher wants? 

B:; Yah! Yah! 

E> tfhtt-h answer would you like to put down? 

5:- (Shouting) ANY! As long as I know it could be the rl t 
answer 

Speaking of his teacher, and her paraprof essional aide, Benny says: 

B:< They mark it wrong because they Just go by the key.. They 
don't go by if the answer is true or not.. They go by the 
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key.. It's like if I had 2/4, they wanted to know what it 
was, and I wrote down one whole number, and the key said a 
whole number, it would be right . . no matter if it was 
really wrong.; 

» 

What Is Mathematics? What Do the Children Think Mathematics Is?, 



1 have argued elsewhere that cne of the main goals of mathematics 
instruction Is to cnrt up with children who believe that mathematics is a 
reasonable and sensible response to a reasonable and sensible problem. 
One of Papert's 5th grade students defined mathematics by saying: "For 

any challenge, there's a smart way to approach it, and a dumb way to approach 
it. If you approach it the smart way, you're doing mathematics." 

The children ir. Erlwanger's sample see mathematics very differently 
from this. 

We've already seen the view that mathematics is "a goose chase", a 
kind of blind man's bluff in search of answers that the teacher will accept. 

But Benny also had a different view of the nature of mathematics a 
far subtler view, that is intriguingly dualistic Here is Benny's description, 
as paraphrased by Erlwanger: 

Benny's view about answers is associated with his understanding 
of operations in mathematics. He regards operations as merely rules; 
for example, to add 2 + .8, he says: 'I look at it like this: 

2 + 8 ■ 10; put my 10 down; put my decimal in front of the zero. 1 
However, rules are necessary in mathematics 'because if all we did 
was to put any answer down, (we would get) 100 every time. We must 
have rules to -get the answer right.' He believes that there are rules 
for every type of problem f for example, he says: 'In fractions we 
have 100 different kinds of rules.' These rules were 'invented by a 
man or someone who was very smart./ This vas an enormous task because 
'It must have took this guy a long time ... about 50 years ... because 
to get the rules he had to work all of the problems out like that 

Henre we see Benny's view of math as arbitrary , expressed (for example) 
in the 100 rules for fractions that were worked out by "someone who was 
very smart." The rules serve the game- like purpose of guaranteeing that 
there will be some winners and some losers: "because if all we did was to 
put <tn answer down, (we would get) 100 every time," which Benny obviously 
considers unacceptable.: In all of this we see the arbitrary, game-like, 
senseless face of mathematics — as experienced by Benny. 

But Bf^nv also sees an objective reality lurking there somewhere, for 
he says 

It must have took this guy a long time .... about 50 vears ... 
because to get the rules he had to work all of the problems out 
like that . . 
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So, apparently, "this guy" was working against some objective criteria, 
criteria obviotJBlV unknown to Benny But Benny doesn't seem to want to know 
these objective criteria — Benny w nts to know the 100 rules that "this 
guy" finally ended up with. 

Both sides of this duality are expressed by Benny elsewhere in the inter- 
views, as well. For example, ab tnwangrr writes:, 

Benny also believes that the rules are universal and cannot be changed. 
The following excerpt illustrates this view: 

E: What about the «rules. Do they change or remain the same^ 

B: Remain the same. 

E: Do you think a rule can change as you go from one level to 
another? 

B: Could, but it doesn't. Really, if you change the rule in 
fractions it would come out different. 

E:< Would that be wrong? 

B: Yes. It would be wro-4 to make our own rules; but it would 
be right. It would not be right to others because if they are 
not used to it and try to figure out what we meant by the 
rule it wouldn't work out. 

Benny's objectivity here seems, however, considerably less objective — 
net based on an underlying reality, but rather on a desire to be fair to 
other people by not changing the rules in the middle of the game. 



On Eliminating Cognitive Dissonance 

In Erlwanger's interviews, Benny got wrong answers nearly all the time. 
(That his teacher nonetheless considered him very successful is something 
of a mystery, but perhaps her own view of mathematics was that it was a kind 
of Easter egg hunt, and she found Benny an avid and energetic hunter for 
hidden treasures.. This would contrast with my own view, which presumes the 
existence of a unique reality for which we are attempting to construct 
various descriptions, and a child's Job in learning mathematics is to build 
up inside/his own head cognitive structures that reflect this reality with 
the most profound accuracy that can be attained. In this latter view, Benny- 
was doing very badly, since he nearly always missed the central point 
-iat hematic ally, but in terms of the Easter egg view — there being no profound 
grand strategy determining the placing of the Easter eggs, and hence no 
external structure to be faithfully modelled cognitively — Benny's energetic 
pursuit could be considered the ideal pattern of learning.; You find Easter 
eggs by scurrying around, all over the place.) 
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In any event, Benny 1 s answers in the interviews were mostly wrong. 
From this, and from remarks he made during the interviews, it seem6 safe to 
infer that Benny's answers in class were also mainly wrong. 

Now, in this particular school program, a child checks his answers 
against a key, to see whether he is right or wrong. This must have been 
a sore trial for Benny. But a very interesting — and in some senses tragic - 
thing occurred: Benny thought about this situation at length, and finally 
succeeded in developing a personal philosophy that brought him peace of mind. 
So much peace of mind, unfortunately, that he lost all motivation to make 
his answers match other people's. In this he resembled some psychotics: 
he was so contented with his world view that he didn't want to change it. 

What Benny did was this:* he noticed that you might have an answer like, 

2 

4 ' 

whereas the key might have an answer like 

1 

2 ' 

From "just looking at them" you might conclude that these answers were 
different — but there is a way out! There exists a rule that lets you do 
something to fne of these 

2 . 2 x 1 „ I x 1 1 
4 2x2 2x2*2 

so that you obtain the other. They looked different, but once you used the 
appropriate transformation rule on them, they were really the same ! 

Benny generalized this? if only you knew enough of these transformation 
rules, you could always show that your answer really matched the answer in 
the key! Benny had invented a large repertoire ot such rules. Here is one 
out of many: 

E: How would you write 

11 

A 

as a decimal? 
Br (writes) 11 

E:< Now does it matter if we change rhis (pointing to the A ) 

11 

and write instead 1_1 ? 

A 
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B: It won't change at all; it will be the same thin? 
(writes: 11 

4 " 1-5 J 

E: .Hew does this work'* 4 is the same as II ? 

11 4 

B: Yah . because there's a ten at the top. So you have tc 

drop that 10 ... take away the 1©';, put it down at the bottom 
(writes) :< 

U 
4 

then tl 
4 

thf»n H_ 
14 

then _1_ 

14 •* 

So, really, it will be _1_ .. So you have to add these numbers 
14 

up, which will be 5 . .. then 10 .... so 1.5, 

These rules had one good effect on Benny — they let him be happy about 
his "success" in mathematics — but they also had a very unfortunate effect. 
It was next to impossibl e to c onvince Benny that any of his answers were 
wrong . What tools could you use to convince him? Show him the correct 
answer? No, he responded by showing you how his answer was really the same 
as yours. Show him contradictions? N'o, his transformation rules enabled 
him to reconcile any apparent contradictions. Show him that his answer 
was nonsense — for example, much too large, or much too small 9 No, all 

the symbols were meaningless to Benny. Considerations involving meaning 
aid not reach him. : To Benny, all answers were nonsense, so his were exactly 
as good as yours.. 



Implications 

Adaptations of Fiaget's clinical interview procedures seem to be 
capable of revealing much more of what is in a child's mind than other 
cor^non methods can.. If thi& potential can be developed by teachers and 
by parents — we can get a far deeper assessment of the successes and 
failures of our school prog" -<3. And if, as has been the case *n the. 
Frlwanger study, many of these programs are revealed as catastrophic failures, 
then various vigorous actions may develop In consequence. 

Meanwhile, for those of us who (as I do) work on the >. reat ion of school 
programs, here is a specially significant kind of handwriting on the wall. 

Stanley Erlwanger, 1210 West Springfield Avenue, 



For details, write to:. 
L'rbana, Illinois 61801/ 

o 
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The Role of Application* in 
Early Mathematics Learning 

Max S. Bell 
University of Chicago 

I hope during this hour to open up for examination the role of 
applicationa of mathematica in early, mathematical learning. It aeema to 
ma that thia unaolved and neglected problem warrants conaiderably more 
attention than it has received up to now, if only becauae the ability to 
uae mathematica liea at the heart of our objectives for mathematica 
education. Indeed I would aay that mathematica education has been a failure 
for any peraon who ia unable to comfortably and naturally make use of 
mathematica in a wide variety of aituations. (I believe it follows from 
thia that mathematica education is s failure for very large numbera of 
people — perhaps the majority — ~but that ia a matter to be argued elaewhere.) 
It ia poasible, of course that early attention to application has nothing 
much to do with eventual ability to apply mathematics; still, I believe 
wa should open up the question for investig stion and reflection. 

By "applicationa" I mean exerciaea tha - link thinga in mathematica to 
aapecta of actual real world happeninga. "Applicationa" will be conaidered 
to be different than "models" in the sense of paper and plaadc and string 
represents tions, snd different than invented games with mathematical content 
or other "embodiment a" of mathematical thinga in the Dienes sense; though 
these are all unqueationably uaeful in learning mathematica. By "early" 
learning I have in mind about kindergarten through third grades or, in 
other terms, the lste preoperational and early concrete operationa parta of 
a child's development. By a "role" for spplicationa, I do not hsve in 
mind any «xcluaive dependence on applicationa but merely &j end to the 
nearly total neglect that prevails now. I am tentatively assuming that such 
neglect is hazardoua becsuse in the same way that important aapecta of a 
child a general cognitive ability are probably built (or mature naturally) 
during the early school years, important aspects of his sbility to use 
mathematica are probably also developing. Therefore, it may be that a 
poverty of early experience with applications represents a developmental 
loaa that is difficult or impossible to make up later. 

In my remarks I first want to sort out various categories of mathe- 
matica and real wo-ld links, and draw a distinction between "embodiments" 
as a link and "applications/mathematical" models as a link. Next, and 
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briefly, I will try to establish that a problem exists ; that applications 
in early learning are neglected. The- I will briefly explore several 
poaaibly good reasons for this neglect. Then, by a series of simple- 
minded examples, I will argue for the proposition that early attention 
to applications could open up many of the things we really should accom- 
plish in mathematics education. Along the way I will make some random 
comments on possible connections between cognitive psychology and an 
early concern for applications, with no claim, however, to consistency, 
comprehensiveness, or expertness with respect to models of cognitive 
development:* 



Mat hematics and Real World Links 

I believe that we, are often unclear about what we mean by "applications." 
There are many possible cross-counections within the world of reality, 
within the world of mathematics, and between these two worlds. To call all 
auch connections "applications" makes the word mean too many things. It may 
clarify the matter at hand to sort out the possibilities; Figure 1 is a 
rough attempt co do this. 

Figure 1 A Diagram of Links Between and Within Mathematical and Real Worlds 



The World of Reality 



The World of Mathematics 



^eal wo^ld situation ^ ^ 

Another (possibly simpler) 
real world situation 



3. "Embodiments" in real world 
materials or operations on 
auch materials 

U. Probleir situation 



Mathematical item 1 

Another (possibly more complex) 

mathematical Item 

Mathematical item * 



Mathematical Model 



I 
I 

1 Tht "Mathematical item" might be a single thing such as a number 
or equation, or a mathematical structure, or what have you. 
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The fl-st part of the diagram concerns moving betweer various levels of 
abstraction while still within the real world, with to explicit resortto 
the world of mathematics, rhis would include various sorts of simulation 
and simplification within the real world. While there is no direct resort 
to matnematics, the thinking processes often resemble thjse useful in 
mathematics, and it is my belief that activities here may build important 
and possibly crucial background for mathematical learning.: 

The second situation diagrammed in Figure 1 is the well known one of 
moving among various levels of abstraction strictly within the world of 
mathematics* For example, one develops a certain piece of mathematics, then 
uses It as a starting point for another mathematical concept or theory.. As 
a matter of fact, and unfortunately in many cases, the great buljt of mathematics 
instruction falls here. But I believe this should not be the case with 
respect to early mathematical learning. At soae point heyor.d early learning, 
this may be che most efficient way to learn mathematics, but I can see r.o 
stage where it snculd be the exclusive reans to mathematical learning. 2 

The possibilities indicated by the tnird situation diagrammed m 
Figure 1 have be n extensively developed by Dienes, Davis, the Papvs, and 
many others. Hen. one starts with mathematical ic^as or concepts to dl taught 
and looks for links to the world of reality via Vibcdlmenrs" of those 
concepts in operations on real world objects* It mav well be that teaching 
strategies exploiting possibilities in this area are t: : e ones that fit child 
development patterns best, certainly their uoe ir ruch of the Piaget oriented 
research is striking. I do not believe In panaceas or single dimension 
solutions, but I oelieve there is no question about the fruitfulness of the 
embodiments approach to early mathematiral learning, ard much of the 
discussion io this symposium will predictabl> be centered on it] 

But at least for tnJs one hour let us cirect our attention to the 
fourth area indicated bv Figure 1, Here one does not start witn mathe- 
matical ideas and then seek embodiments of these lr, the real world, brt 
rather starts with problematical situations in the actual real world, and 
seeks solutions by wav of the intervention of mathematical mouels. This is 
very common now in scholars!. ip , commerce, and industrv, and has rrov^d to 
oe very fruitful. 3 



Perhaps an emphasis exclusively on this* area is misp 1 <ced even in graduate 
level mathematics courses. * n ar. ess^y i r . t.^s ^erh-an Mathema tical Monthly , 
E,T, Parker credits his success in a breaktnrough on a previously unsolved 
conjecture of £uier tc a graduate level group theory course In which his 
professor began e;'ery class session by r Cfe rring to'scre aspect of the rigid 
motions of a square as an embedment >-i the mathematics to be discussed ,'Parker). 

3 What Is meant by the phrase "mathematiral models" has been dealt with in ma n v 
places (e.g., several articles in Bell,, 1967). Here is a neat capsule summary:. 
*Th e< use of applied mathematics 1p its relacion tc a physical problem involves 
three stages-. (Ij a dive from the world of reality into the world of mathematics; 
(2) a swim in the world of mathematics;, (35 a climb from the world of mathematics 
back Into the world of reality carrying a prediction in our teeth." (John Synge, 
quoted In the A«j£lcan M^hjmdtjkal_ Jlojnthl^, 68 (Octohet , 1961} , p, 799). The 
"dive" Is the province of problem solving strategies jnd its result is a mathema- 
tical model. The "swim" elands , IR ability to manipulate, transform > and -xto-V 
the ma thematic s itself. ' " 




For xhe remainder of this discussion I will use "applications" as a 
single word to indicate activity on behalf of mathematical modelling of real 
world sit ations - the fourth area diagrammed in Figure 1-: There seers to 
be no disagreement to the proposition that Such applications can enrich 
mathematical learning from at least the middle school years on, (It remains 
true, however, that in spite of endless and repeated recommendation, such 
activity is not yet a viable part of mathematics instruction at anv_ level.) 
Kany suggestions for the middle and later years are beginning to appear 
(Bell 1972, Tanur, Mosteller, ECCP). : 

But ir this hour we will leave that aside in favor of a preliminary 
attempt to sort out what contribution attention to this fourth sort of link 
applications — might cake to facilitating the early learning of mathematics. 



Are Applications Neglected in Early School Mathematics? 

Having stated a problem, I should show that it exists. Is this fourt w 
sort of link, act .al uses of mathematics from the actual world, in fact 
neglected in grades K-3? The answer is certainlv yes with respect to the 
textbooks that, rightly or wrongly, dominate the child's early learning q0 
mathematics. Examination of most such boers reveals at most a few thinl\ 
scattered pages of verbal problems that ve*-y seldom make interesting connec- 
tions with genuine real world issues. The answer is yes with respect to 
journals such at The Arithmetic Teacher looking over a recent year of that 
journal I founa ?nly three articles that gave attention to some application 
of mathematics and none of these were directed at the early elementary years. 
The answer is probably yes with respect to research in mathematics education. 
I have not carried out a thorough survey of all the research liter&ture but 
an informal survey plus examination of several reviews of research m 
aathemacUal education turned up very little of interest cr. the topic under 
consideration here. The charge of neglect is most certainly valid with 
respect to the training of elementary school teachers. Again, I have not 
made an exhaustive survey but I tnov of just a single place giving courses 
for teachers that are explicitly directed at what might be done with 
applications in the school mathematical experience of youngsters. (The 
University of Chicago offers such courses lr. summer sessions.) Also, if one 
can judge by published textbooks for mathematics and methods courses for 
elementary school teachers, a concern for applications is certainly not 
a major emphasis in such courses.. 

On the other hand the neglect ray net be total. There has been 
considerable activity on behalf of early school science by a half Cozen 
or more curriculum writing groups. The AAAS , Minneraast, FSb, SCIS, and 
other projects have proposed sciencr oriented applications for voung 
children that would most certainly be helpful in the learning of mathematics 
(Hard)., However, that doesn't let us off the hook; and in any cas a 
science educator colleague tells me that such materials are by no mean* 
widely used in primary schools. To the extent that mathematics education 
curriculum projects elsewhere - for example, the Nuffield Project materia . - 
have ir" -need United States practice, this would also lessen neglect of 
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applications for they tend to give considerable attention to the interplay 
between a child and his real world. If any schools have survived in the 
United States that use soundly implemented John Deweyan principles, then 
applications of mathematics in the sense of the fourth section of Figure 1 
cannot have been neglected. (I mention this last unlikely possibility only 
to remind us of one of the roots of much of the discussion that will take 
place di-ring this symposium.) 



Some Possible Reasons for Neglecting Applications 
in Early Mathematical Learning 

Mathematics and real world links in the embodiments sense may be 
catching on as a significant factor in early mathematics teaching, but 
I believe that we must conclude that such links in the applications 
(mathematical models) sense play virtually no role at present in early 
mathematics teaching in the United States. Such widespread neglect of 
vhat on its face would seem to be important cannot have happened without 
reasons, and it may be that some of these reasons would compel us to the 
conclusion that neglect is warranted and ought to continue. I wish to 
examine that possibility now. 

Leaving aside bad reasons for neglect, here are some possibly good 
reasons: first, it may be that "Young students, by and large, are not 

interested in applications They are the purest of pur.e mathematicians, 

and somewhere during the maturation process, they become sullied* and begin 
demanding applications of the subject 1 ' (Beberman, p. 11). Second, there 
mayjbe dissonance and conflicts between cognitive development patterns and 
the requirements of applications. Third, the disparity between the require- 
ments of applications and the meager computational skills available at 
early school levels may be impossible to bridge. Fourth, even if the 
above problems could be resolved, working on the problem of applications for 
the young might still justifiably be assigned low priority given the many 
other difficult problems we face. Finally, there may be an overall and 
pervasive dissonance between attention to applications ^nd our proper 
objectives and curriculum - that is, with what we think children must 
accomplish in school mathematics. I will consider each of these briefly 
in the next few paragraphs, and several of them at greater length in the 
section that follows. 

First, whether or not lack of interest of children is a barrier 
to using applications seems to ^ne to be very much an open question that 
cannot be answered until we put our best inventive efforts into a fair 
trial. That is, if we make it an objective to use applications in early 
mathematical teaching, chen we are immediately thrown on the question of 
appropriate learning experiences. We must, in short, carry out feasibility 
studies, using with children the best materials we can devise.^ 

Second, we must consider the possibility of dissonance between 
fWelopmental patterns and early attention to applications. If one takes 
a behaviorist view towards early mathematical learning, there should, in 
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principle, be little dissonance for I take t>e behaviorist point of view 
to be "if you want it, do it." That is, it is a matter of outlining 
learning hierarchies where > for whatever applications exercise you wish 
to use, the appropriate prerequisites h**v«2 been attended to earlier, and 
the reinforcement structure is such that the present piece of material is 
likely to be learned. Indeed, Robert Gajne, who is far more in the behavior- 
ist camp than in the Piagetian camp, way one of the principal architects 
of the apparently successful AAAS science program for early science 
learning, and it has many mathematical elements in it. If, on the other 
hand, one takes a Piagetian point o£ view, there are probably some restraints 
on considering applications.. For example, some applications would have 
to wait for the formal operations stage. But I don't believe the restraints 
are very severe. Attention to many applications that are tied to a child's 
direct experience should be possible even in the late pre-operatlonal and 
in the concrete operations stages. 

As to the third possible reason for neglect, disparity between the 
rather slow development of computational and algorithmic skills in children 
and the requirements of significant applications, I believe there are at 
least three possible ways to bridge the gap. In the first palce, the 
requirements of calculation can be embodied in ver> concrete calculating 
devices, e.g., Napier bones, Papy minicomputer, Hassler Whitney's minicomputer 
(Van Arsdel, Whitney). A second way to finesse this problem would be for 
teachers to act as "consultants" or "answer machines" so that when youngsters 
have formulated a problem to the point where calculation is called for they 
can call for an answer to the particular computation required.; A third 
answer, and one that It k may v very well be forced upon us whether we 
like it or not, lies in : widespread use in early mathematical learning of 
the small electronic calculating machines that are widely advertised these 
days. These pocket-size calculators use computer chip technology and can 
do any operations in any order with eight or more digits available for input 
or output data. Furthermore, they give instantaneous results with the decimal 
point automatically placed.* Some come with memories and with built-in standard 
programs. (One I have seen has a special percent key — surely a sad comment 
on how little people have learned from the mathematics education.) Hence 
I can imagine that a first grader might understand perfectly well that the 
proper maneuver* to get the total number of first graders in his school is 
addition of 31, 29, 33, 27, 21, and 30, but would not have the technical 
skill or the patience for drudgery that would let him get an answer.. If so, 
punching the numbers into such a calculator would solve the problem. 
Another example: except for drudgery and lack of skill, a third grader 
might very well be able to balance the family check book for a given month 
with possibly considerable insight into family finance resulting from the 
exerciser With such a machine as this, the drudgery and the demands on 
technical skill are removed. These machines are already very cheap and very 
available, and I think that they may well cause a resolution in what is 
appropriate to do in the school teaching of mathematics - a revolution we 
should even now anticipate and plan for. ** 



'♦Recertly one indicator of American taste, The New Yorker , had a cartoon with 
four ladies finishing up a luncheon and one saying, 'But according to mv_ pocket 
calculator, my share of the check including tax and tip is five dollars and forty- 
two cents." These machines are alsojhe subject of the cover article in the 
March 1973 Popular Science . 
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Now a comment on possible neglect because of justifiably low priority 
among many problems. I would have some sympathy for this point of view 
if achieving more emphasis on applications required considerable expendi- 
ture of energy and resources in isolation from our other problems. But, 
on the contrary, attention to applications in early mathematical learning 
might have considerable payoff in connection with, or as a means to, solu- 
tion of many of our other problems. For example, "disinterest," 'lack of 
mot i vat ion," and "poor attitudes," are perennial problems in mathematical 
learning, and really good applications material might help overcome them. 
For another example, better evaluation of what a child leaUy knows might 
be promoted by setting up an interesting application, then observing how 
the child attacks the problem. Similarly, observation of children engaged 
in applications might reveal interesting things about cognitive development 
patterns, especially if the applications were highly involving of the child's 
energy and attention., 

The final reason for neglect that I listed was that attention to 
applications may simply be out ot step in fairly pervasive ways with the 
school curriculum as it "ought" to be or with what we really want as end 
result of schooling in mathematics.* I cannot deal with this objection 
briefly since it requires a definition of what we want from the school 
mathematics experience. The next section attempts such a definition, and 
also implicitly attempts a rebuttal to this and several of the other 
reasons given for neglecting applications in early learning. 



What Role Can Appl i cations Play in Early Learning of 
the Mathematics Children Should Eventually Have in Hand? 

It is my firm belief that anyone who proposes any objective for 
mathematical education is obliged to also consider what learning experiences 
might be attempted to test the feasibility of that proposed objective. In 
my mind the great strength of the work of such people as Dienes, Davis, the 
Papys, and others has been their commitment to proposing learning experiences 
that support their announced convictions. Hence I feel obliged to give 
some attention here to an indication that applications can play a role in 
the early experience of children in opening up and developing important 
mathematical outcomes. For a variety of reasons I cannot think <t appropriate 
to tie such a discussion to a standard "scope and sequence" diagram of 
present sch&ol content. Instead, I will use an outline (shown here as 
Figure 2) that has been more extensively developed in another place (Bell 
1973)., This outline summarizes my own view of what we reall y want as 
minimum net Residue in the minds and guts of people after they have served 
their required 8, 9, or 10 year sentence in school mathematics classrooms. 
I believe that there has been insufficient consideration of such endpoint 
objectives, but that argument belongs elsewhere. For the present, let me 
indicate the spirit in which this "tentative list" should be considered, 
then move on to the attempt to show how applications could contribute in the 
< early stages of development of some of the items in the list. 



*For example, "Applications tend to give students . .. the idea that mathematics 
has no right to its own existence, and so you are shutting off potential 
mathematicians." (Beberman 1963, p. 12) 
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For example, consider equivalence classes (3.1 find 3.2 in the list). 
Through a long series of exposures and experiences starting in kindergarten 
(or before) a youngster should come to know that most mathematical things 
come in many equivalent forms and that much of school mathematics deals with 
conversion from one form to another. He should also realize' that problem 
solving both of textbook exercises and real life problems frequently involves 
recognition of equivalence plus good judgment about which of a number of 
posaibilitiea are appropriate for use in a particular situation. (For 
example, "3 + 7" and "10" are each sometimes useful; and in calculating 
"1/2 + 1/3," "3/6" is a more helpful form than "1/2".) Again, "measure 
functions" (see 4.1) may aeera to be fancy vocabulary to confuse the 
uninitiated but what ia in mind is merely that in virtually every measurement 
situation, one has a aet of real world objects (or happenings) on the one 
hand, and a set of numbers on the other hand, with the task of assigning 
numbers uniquely to objects (or happenings). Thus, measures of public 
opinion and measures of length are not altogether different, and the 
procesaes involved in volume measure and length measure are very similar. 
Through an extended and varied development over a number of years, everyman 
should understand this commonality of approach. Similar comments apply to the 
other items on the list. What are wanted are durable and correct intuitions 
and gut feelings, friendly familiarity, and genuine competence with respect 
to those mathematical things that can help individuals sort out their 
increasingly complicated worlds. In no case will a single experience or 
unit of work accomplish what is needed, and some part of nearly everything 
can be worked on nearly anywhere in the school experience of youngsters. 

The question for this hour is the contribution that applications could 
make in the early learning of things such as those in my list. As I make a 
number of random Suggestions I don ! t mean to suggest that all will actually 
work nor that they exhaust the possibilities. I merely wish to suggest that 
feasibility investigations are possible. If we have learned anything over 
the past fifteen years or so, it should be that the best way to find out 
what kids can do is to try something. 

For starters, numbers pervade the actual world and it should be possible 
early on to call attention to some of their many uses. Counting and 
measuring are already widely attended to in schooling so let us see what 
might be done with some other sorts of uses.. Might a youngster be led to 
notice that a room number such as 213 really conceals a pair of numbers - 
one giving the floor and the other the room number on that floor, with 
the 13 also Indicating where on the second floor and perhaps even on which 
side oZ the hall? To contribute both to coordinate systems and ordering 
(1.3 and 1.4 in the list) I wonder if a youngster might be given the assign- 
ment of walking up and down the block he lives on a few times and trying 
to make sense of the *^use numbers? I don ! t know at what age a youngster 
would be able to t>ort out all the details of the coordinate and ordering 
system thus embodied but he might very well notice that all the numbers are 
of the sort 5403, 5411, 5413, 5450, 5478, etc., and the "54" might take on 
some significance. Further, the child may notice that smaller numbers come 
before larger numbers on the block;' that houses an equal distance apart have 
addresses that Jump by about the same amount; possibly that even numbers are 
on one side of the street and odd numbers are on the other; and that if he 
go^s into the next block, all the numbers begin with 55.: 
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As other examples, might we not alert the youngster to the pervasive 
use of numbers as identification codes (1.6); for example, license plates, 
telephone numbers, zip codes, highway numbers, etc.? Might we make something 
of "take a number 1 ' in bakeries and other places to impose a fair order of 
aervice on a crowd of customers? Can we also ask where it might not be 
appropriate to Impose an order of service based on arrival time — in a 
hospital emergency room, for example? 

Moving on, there must be many ways of having youngsters sort 
themselves into equivalence classes (3.1). For example, note how far 
each lives from school and put all those the same distance away in the 
same group for some activity.. (Some of the Nuffield and Papy arrow graph 
exercises are based on such exercises.) 

With respect to measure function (4.1), we perhaps only need to 
make processes more explicit in many actual measure situations; e.g., 
the school nurse lining up a class and weighing each pupil, or a teacher 
returning youngster 1 s work marked with "good," "you cap do better," etc., 
or even ©versus © . With respect to the pervasiveness of measure 
(4.3) it would be interesting to find out when children can be led to 
notice how many measures surround them by simply asking them trom time 
to time for lists of as many situations as they can think of in their 
everyday life whete measures are assigned. 

With respect to indirect measure via formulas (A. 4), the Piagetian 
research suggests that anything very complicated in this line may need 
to wait on the formal operations stage. But some exploration of not 
direct measures may be possible by way of, for example, rubbing young 
children's noses in the fact that wnen reading temperature on a ther- 
mometer, they are reading a length with respect to the red line on the 
thermometer; that time is Judged by amount of rotation of clock hands, 
and so on. 

Let us move down the list to "order of magnitude" (5.4 on the list). 
It has been pointed out that an order of magnitude change in technology 
frequently changes things qualitatively and not merely quantitatively (Hamming 
1963). For example, moving from horse and buggy travel at five miles an hour to 
automobile travel at 50 mph changes the entire sociology and habits 
of a country in very fundamental ways.. Again, I'm not sure where in 
children' « development such ideas are accessible, but perhaps we could 
draw from their experience with the world with such questions at, these: 
"Suppose you had 2c t what could you do with it? Suppose you had 20c, 
then what? $2? $20? $200? $2,000?" and so on. Or: "Where could 
you get to by walking for the next couple of hours? Where to by auto- 
mobile? Where to ui an airplane?" 

To consider guess and verify procedures (5.5) I believe quite simply 
that we must work them in whenever possible.; That is, we should watch 
for opportunities based on children's experience where it is appropriate 
to ask "About how much...?" and then "Why do you think so?" 
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The use of variables (7.1 to 7.5 in the list) has been explored in a 
variety of existing materials by the use of "frames." To the extent that 
functions and equations expressed using frames can be tied to children's 
everyday experience with the real world, this would qualify for what I 
want done with applications in early learning. Similarly, consideration 
of inputs and outputs (8.1) can be supported by a variety of classroom 
and everyday activities. 

. The Nuffield books have a good deal of activity centered around 
representational (arrow) graphs (8.3) that could well be adapted for Amer- 
ican classrooms. (Coordinate graphs related to actual applications per- 
haps must be deferred beyond the early stages I am discussing here.) 

With respect to logic (9 in the list), we all know about the Piagetian 
findings with respect to reasoning from arbitrary hypotheses but I believe 
that it is widely agreed that much less formal reasoning based directly on 
a child's experience is accessible in the concrete operation stage. For 
example, youngsters at play do make up arbitrary rules for games and as 
disputes arise they argue through the consequences of their rules / They 
also change rules and argue from the new "axioms." j 

With respect to my category 12, informational graphs, we have many 
suggestions in the early Nuffield mathematics materials and it seems clear 
that the child's actual experience provides ample material to be exploited 
he re.> 

Finally in this brief sampling, it nay be that flow cnarting exercises 
belong beyond the early learning that is my focus here, but perhaps not.. 
Piagetian findings indicate that one-way functions are available fairly 
early and perhaps it isn't too much tc ask youngsters to sequence events 
that they are directly involved in by what would amount to an informal 
flow chart. 

The examples I have given here are (deliberately) quite simple-minded .« 
My intention has been to indicate that applications from a child's real 
world can play a role in the opening up of many important mathematical 
concepts as well as in their further development.; Two things would be 
required, it seems to me, and neither of them is very common in early 
schooling. First, we would need to have teachers themselves enough at 
home with such mathematical idjas as are suggested by the list displayed 
as Figure 2 that their own knowledge and intuitions would alert them to 
possibilities for using the children's experience in opening up and 
developing these ideas. Second, even with such awareness of where 
mathematics education is headed and what it would mean to arrive there, 
teachers would need many suggestions with respect to things they might 
actually do with youngsters.^ For this, we would need to go to work and 
produce a large number of sample experiences and dialogues to illustrate 
ways in which each of the things listed above could be opened up< The 
first ta6k would be to sensitize kids to notice what goes on in their 
world. Next, there should be more explicit development of concepts via 
applications based on children's experiences (as well as through embodiments) 
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through the concrete operations stage. Finally, in the formal operations 
stage, there should be a variety of problem situations firmly rooted in 
the real world but not now necessarily in a child's direct experience. 
These would require for their solution fairly sophisticated formulation 
and exploitation of mathematical models. For this last many examples are 
already available, if not yet very much used.; But for early mathematical 
learning, accumulation of the required large number of suggestions has 
barely begun, except in the science units noted earlier. 

Some Further Remarks About Applications Related 
To Early Mathematical Learning 

I wish now to continue with some more or less random comments and 
speculations on the subject at hand,; 

So far I have referred to She findings of developmental psychology 
research mainly to speculate on limitations that developmental patterns 
might put on the use of applications in early learning. (For example, 
metric proportion may not be available as a mathematical model until the 
formal operations stage.) But one wonders if observing children as they 
deal with actual applications from their own direct experience might not 
throw additional light on developmental patterns, For example, Sinclair 
notes that "Until nine years of age, there is confusion in comparing two 
moving objects or persons going further usually implies taking more 
time" (Sinclair).. But suppose a teacher were to get the cooperation of 
sone parents and set up or find situations where John, Mary, and Jack 
have actually travelled quite different distances in about the same time 
(a near place by automobile and a far place by airplane;' or to school on 
a given morning by bicycle versus walking versus automobile, for example),; 
In the context of direct personal experience, how will John, Mary, and 
Jack themselvea respond at different ages to the question "How can that 
happen?" and to what extent will their classmates also fcrfgage the problem? 
That is, I wonder if the medium of applications from the real world might 
not be fruitfully used in developmental studies — at some loss in 
precision and replicability but perhaps with some gain in motivation and 
concreteness. To be sure, standardized concrete situations with action 
called for are already common in such research but I have in mind longitu- 
dinal studies of what a given child's development lets him make of his own 
direct world experience when explicitly alerted to some aspect of it, 
especially with reference to appropriate mathematical models and concepts. 

One way to attend early to applications of mathematics would be to 
call attention to aspects of the child's experience that he may not be 
able to "explain" at a given developmental level but which would be 
interesting in their own right and which might set the stage for later 
development. For example, there is a neat and rather profound link 
between the world <of reality and the world of mathematics by way of biolo- 
gical consequences of scaling laws that indicate how changes in linear 
dimensions relate to changes in area and volume (Haldane). Consideration 
of the complicated proportions among linear, squared and cubed measures 
oust wait for the middle and upper school years but direct experience 
can show much earlier, for example, that mice eat much more in relation to 
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their size than do children, horses, or elephants^ (This is, of course, 
because they have more skin surface area relative to their volume and 
weight so relatively more body heat is radiated.) Children can observe 
that a young baby is about half as long as a first grader, but may only 
weigh about an eighth as much; and that babies (with relatively more 
surface area) are much more easily chilled or dehydrated than older children. 
Hippopotamuses have quite different structures than gazelles, partly 
because of scale effects. Such things may be observable, if not explainable, 
at Piaget's concrete operations stage and would support more sophisticated 
later work. To explore such possibilities we again need to describe a 
great many spiral developments where the observations and experiences at 
the beginning of the spiral are clearly spelled out in terms of things that 
can be drawn from a child's actual experience.^ Observing children's 
reactions as we follow through such spirals might also considerably extend 
our knowledge of developmental patterns in children.- 

The original suggestion of the organizer of this symposium was that 
1 try to relate Ausubel's advanced organizer notion to applications. I 
decided instead on a broader theme but do wish to comment briefly in this 
area. You are no doubt familiar with Ausubel's definition of an advance 
organizer as "introductory background material presented at a higher level 
of abstraction, generality and inclusivent ss than the material itself and 
designed to serve as organizing or anchoring framework as the material is 
learned" (Ausubel). I can imagine situations (probably in the formal 
operations stage) where a given application is indeed inclusive enough to 
provide an anchoring framework for the learning of some mathematics. 
For example, an applications situation with linear programming as the 
appropriate mathematical model would serve very nicely as an advance organi- 
zer for systems of equations and inequalities. An application - say 
predicting an election - calling for collection of data, then manipulation 
of the data using statistical models might serve very well as a framework 
in which to integrate certain statistical concepts. But in general, 
and especially in early mathematical learning, 1 believe most useful and 
accessible applications make too few demands on the appropriate mathe- 
matics to serve as advance organizers of that mathematics in the Ausubel 
sense - that is, the applications are not general or inclusive enough. 
There is another sense, however, in which explicit attention to applications 
in the early school experience might serve as advance organizers; not to 
give children ways of assimilating mathematical theory but rather ways 
to assimilate their everyday experience.^ That is, if Ausubel is correct 
in asking for integrating structures into which new data are incorporated^ 
It may be that explicit attention to applications of mathematics will give 
a youngster structures into whicfc he will absorb aspects of nis everyday 
experience that otherwise might go unnoticed or unacknowledged.. He might 
be sensitized to the very pervasive use of numbers in his surroundings, 
for example, in ways that his school instruction in arithmetic would not 
cause, even if enriched with a laboratory approach via embodiments . 
Similarly, he might be sensitized to the pervasiveness of measures in 
his wo r 1 d . 
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Flnaliy, let me try to tie my topic more explicitly into the general 
symposium themes. First, it should be clear that vhat L am calling 
applications here are in the general spirit of a "laboratory" approach, 
especially in the sense advocated by Moore and Perry around 1900 and later 
by Dewey and those of like mind.- It must be recognized, however, that 
mathematics laboratories as they exist today as physical locations in 
schools contain mainly materials in the "embodiments" mode, plus a variety 
of drill and practice materials*: They are not generally set up to 
emphasize applications in the sense of my discussion toda> . To make 
mathematics laboratories useful for teaching applications, the usual 
"laboratory" collection would need to be augmented with a number of 
workcards, ere, that sensit./e children to their own real world experience, 
and that also direct their attention to real world problems in ways that 
invite them to engage ir. the mathematics irodelling process. ® Tools and 
instruments to help them in these encounters should also be present in 
the laboratory,: 

To turn to the second conference theme, irv remarks so far have made 
several connections with cognitive psychology.. There was some speculation 
on limitations that might be put on an arplications approach if Piaget- 
postulated development patterns prove out. I made several suggestions to 
the effect that applications might be used in exp loration of developmental 
patterns, on the assumption thac the Piagetian i esearch does not yet tell 
the whole story, I noted in passing that at least one excellent elementary 
science program, which includes sone applications in the spirit of my 
remarks today, has been worked cut on beiiaviorist rather than Piagetian 
assumptions — the Robert Gagne influenced AAAS science progran. I have 
also remarked that much of what I am talking about, and much else 
consistent with the symposium discussion, goes back to Dewe v and those 
of like mind. That is, at the moment 1 find the Piagetian assumptions most 
helpful but I believe tnat a more eclectic selection fror variuu« Theories 
or taking an avowedly behav ior is t ic view would lead to the sane positive 
conclusions about the likely effectiveness of applications as an aid to 
early mathematical learning. 



Summary 

1 have attempted during this hour to open up for further discusblon 
*nd investigation sone possibilities f . r using i ppl icat *cns of mathematics 
from the every day expei ience young children to enrich and support early 
"Mathematical learning. 1 tried to Surt out some of the main links uithin 
and between the world of reality and the world of mathematics (Figure 1). 
\ I claimed that work strictly within the world of mathematics dominates 

the school rather.atics experience although the exploitation of "embodiments" 
of matht . ics concepts is making some inroads thlo dominance. I noted 
that the applications business of starting with real world situations and 
finding ways to fit mathematical models to them is a largely undeveloped 
possibility in early learning and examine? some reasons for this neglect.- 



6 At least one such workcard collection suitable for middle and later 
school grades has been published (rritbel). 
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,1 offered a possibly peculiar listing of the ultimate outcomes we might 
aim for in school mathematics (Figure 2) and tried to show that there 
might well be in the use of applications from the child's real world a 
number of opportunities to begin spirals of experience leading to gut 
level mastery of certain very important concepts., I concluded with a 
series of more or less random remarks about poss* oilities for exploiting 
applications from the real world in exploring cognitive developmental 
patterns in children and also to provide "organizers" to help a child 
integrate his ever encounters with various uses of mathematics into 
his developing co t 'e patterns, (Our colleagues in science are probably 
well ahead of us i\ ,iis area and we should look carefully at what they 
are doing aad the^results they have achieved,) 

If we are to become serious about exploiting applications in the 
child's world in early mathematics learning a good deal of work would have 
to go into providing teachers with suggestions, sample dialogues, outlines 
of spiral developments, and so on, T am not optimistic that such efforts 
will take place very soon, if only because mathematics education is faced 
with plenty of problems already. But the fact is that a child does live 
in iht: real wor3d and is surrounded by countless applications of mathe- 
matics; surely this could be 3 potent learning resource. The ability to 
use mathematics lies at the heart of our objectives fo*- mathematics 
education,: I do not believe we can afford co neglect much longer the 
potential of the use of applications tc improve the early mathematical 
learning experience,; 
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. It is beginning to filter down into the inner circles of mathematics 
education that what mathematics a child iearn6 is of little importance because 
the specific content will for the most part be forgotten anyhow. What 
matters is the kind of mental discipline that he acquires and the kind of 
cental habits and techniques that he learns.- Such interests and skills 
would include the following: a n interest in generalization; an appreciation 
of an abstract structure; the ability tc decode a coding system or to 
transcode from one system to another system;, and the ibility to look for 
necessary, or sufficient condition 0 for certain properties to hold.. 
Provisions for acquiring . these kinds of competences Jn children should be 
the aim of rathematics education* instead of saturating young heads with 
useless definitions and terms, however exact these may be from the point of 
view of the abstract mathematician. 

In this paper, I would like to show how some of these ideas can be 
encouraged to grow.. The field I have chosen is finite geometries. Naturally, 
practically any other part of mathematics could have been taken and similar 
kinds of arguments used. 



We could start with the following game. Let us say that seven children 
are together and they want to play a game. This game can only bo played by 
three children, and the other four have to watch.; How could we arrange the 
children in groups of three so that every child plays three times, and so 
that each child plays with every other child one time, and only one time? 
There will be seven such teams of three. 

If Che seven children are:* The teams could be.* ^ ^ 



This problem will lead to the consideration of a seven-point geometry in 
which the children are the points, and the groups of children are the lines.- 

The game can be made more concrete by using seven objects The objects 
can have two colors (red and green), two shapes (square and circle), and two 
sizes (large and small). We will then have seven objects if we get rid of 
the small green circle .. And, to form sets of three objects each, we pick any 
two of the remaining objects, and look at the small green circle. If we 



The Seven-Point Geometry K Points and Lines.: 



John, Jack, Jess 
Joan, Jasper, Joey, 
and Jchanne 




(Jack, Jess, Jasper) 
(Jack, Johanne, Joey) 
(Jess , Johanne , Joan) 
(Joan, Joey, Jasper) 
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put the small green circle next to or.e of tns objects, we will see that 
they are different from each other in certdr. -ays.. The remaining object 
has to differ from some other object in the sane ways.; This determines 
the third object in the set of three objects.. For example, if we take a 
small red circle and a large green circle as our first two objects, which 
is the third object? Place the small green circle next to the small red 
circle.. We see that there is a difference in color. Therefore, we must 
put the large red circle next to the large green circle, so that there is 
also a difference in co.or (and only in ccJor) between the lattei two objects. 
So the small red circle, the large green circle, and the large red circie 
belong to the same set of objects.- Of course, we could have put the snalx 
green circle next to the large green circle; tnen, we would have noticed 
a difference in size; so then the large red circie itmld srill have to 
have been put next to the small red circle because the small red circie «r.i 
the large red circle are different in sizo, aid In size only, In this wav, 
we establish a binary function. - Given any tv.c objects, a third one wil* 
be determined. This corresponds to the fact I* at,, giver, any two points, 
a straight line is determined. 

Instead of using eight obje'*s, we could have csed eight sets. To 
make the sets, we could use fc ir red objects,, four blue* objects arc four 
yellow objects. The first prcMem is to construct sets of cbje:ts out of 
these. The sets will be constructed so that there is nover more than one 
of any given color in ea,h set. Using this rule % *eve-. Afferent sets can 
be formed, if we ignore the er.pt v set. 

{o©«} {o»} {o»} {o} 

(o ©} (•} fo) 

«e can for" :1c t: hn.ary function m *ollo'.irz -a> * giver 

two scs, the t.^rd lp: T.at is as^ocicte.. with tie first two is deter-ined 
by saving that if tr""* i:*e already cvi f f a .-olor in the fv.it twe sets, 
we rru^t net put tr'o *r ir the thir. s-t; ir <l dor o< .rs oni\ once 
in tt.<* first two •'••r thi^ r i. t ^c^r 1- the tMrd zf the 

tnree seti>. 

Ihts probleT i« -~'i»t. !v ut-itiwi v -l- .-re to t^e first pr-biem. 
Of course, tnib io-tl',. s<. sfuctjr* i- v tdent f a ma themat ian b'.t 
not so evident to a -.Ho ll i*? is ,»»'. ^ r i<ir t*a*rb a trathenat ic ia; k what 
he is; namely, the fact t>a* r.c able t^ re:.^ni?e ldentlt • of ^trutture- 
In other words,, ne can thin* ' r. ter~-» of oast rar t i.-n . To I -. "c abstract, 
we need to practice the proeess -f abstra< s — n. *e ^.ght procttii as follows:- 
one group of children ran play tr.-j sevti-o*? ject *ame f ar.( l arot* cr Rroap 
will play the sevt*n-bets game These t«n gane^ -an then * f 1 prepared. Which 
set corresponds to vhun object 1 er us sa\ rrat object A <i T '! :hject B 
determine object C iii the object game,, and that to object A "- r responds set X v 
to object B corret.pof..s se» Y, and to object i* corresponds set Z, Set X and 
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set ¥ must determine set Z. If that is not so, then eitner we have not 
found a way to compare the object-game and the set-game, or else this is 
impossible So, in the case of comparable or isomorphic games, children 
should learn how to construct the isomorphism in question. 



child game 
John 
Jcck 
Jess 
Joan 

Jasper « 
Joey 

Johanne * 



object game 

_g 
<— » 

© 

cm 
© 
en 



CZ3 



set game 
(red) 
(yellow) 



- (blue) 

*■ (red, yellow) 

- (yellow, blue) 
* (red, blue) 

" (red, blue, yellow) 



Isomorphisms for the three games that have been considered so far are 
shown above. To that these isomorphisms work, look at the following 

diagram. The "triads" in one game whould correspond to the "triads" in 
each of the other games* 



Joan and Jasper 

t t 

[gj and 0 

(red, yellow) and (yellow, blue) "determine the set" 



"only play with" 
"determine the object" 



Joey 

t 

0 
\ 

(red, blue) 



Here is a useful representation of the abstraction that was just 
described. Seven "lines" are shown; one of them is in the form of a 
circle.: 
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In the case of non-isomorphic games, children should be able to 
discover why the two games are not isomorphic. This will lead to arguments 
leading to different conjectures. If they were the "same" game, then 
certain things would happen; but you know that this is not so, and so the 
two games are no£ the same. So the idea of sameness will acquire a kind 
of "isomorphism color" instead of an "identity color". 

Take the following "seven-element-game" with these arm positions as 
the operational values: 





3 up 



do nothing 




down 



Three children play; the first assumes a position of his choice, the second 
is the operator and the third has to show the result of the operation.: We 
should specify that to go "up" from the uppermost position means to assume 
the lowermost one, to go "down" from the lowermost position means to assume 
the uppermost position. Here are some "additions : 





etc. 



Although the first and the second positions always determine a third 
position, the second and the third do not determine the same first. For 
example, "2 up" + "1 down" - "1 op" but "1 down" + "1 up" + "2 up" so 
there are no triads in the sense of the other seven-games. Therefore, this 
game cannot be isomorphic to tt»e other seven-games. 



The Fifteen-Game 

Mathematicians are inveterate generalized. At any meeting of mathe- 
maticians when one talks to another about a theorem be has Just discovered, 
the first thing the other one will say: "Oh yes! That's fine, but is it 
not applicable to a more general situation? And if' not, why not ? How 
can we encourage this type of inquiry? Clearly we can do so by putting 
children in situations where generalizations are possible, and indeed even 
quite obvious.; In order to encourage them to do generalizations, we should 
first show them how one game can relate to another game by one being more 
general than the others 
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Points, Lines and Planes 

Instead of taking seven objects, we can take fifteen. In other words, 
instead of taking color, shape, and size, we can take color, shape, size, 
and thickness. There will be thin objects and thick objects as well as 
large ones and small ones, as well as circles and squares, as well as 
green ones and red ones. So we single out the small thin green circle in 
this case as the comparison object which is put against another object to 
make a pair. This determines another similar pair. The differences between 
the testing object and the first object must determine the differences 
between the second and the third object. Here are two examples; 



1st object 



/ 



2nd object 



1) ( 



2) 



green 

o 

green 

o 



red 



\ 



3rd object 



\ / 




4th object 
green 

- □ 



\ 



first object 



green 



second object 




\ 



\ / 



^ first object J \ second object 

A similar game can be played using sets of objects if we take eight red 
objects, eight blue objects, eight yellow objects, and eight green objects. 
Disregarding the empty set, we should be able to make fifteen sets such that 
in each one there is never more than one of each color.. A^ain we can make 
the same requirement about the third set as we made in the 7-sets game. A 
third set is determined, given any first and second sets by completing the 
colors of which there is only one in the first and the second sets. We 
must not put a color in the third set if it already occurs twice in the first 
two sets, and we must put in a color which occurs only once in the first and 
the second sets. In this way, we have the same binary function as before, 
only we have more sets. In this game there are 35 "triads" that can be made. 



/ 



red 
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third object 
red 



\ 



third object^/ 



There are certain novel features in the 15-game which are not present 
in the 7-game.- In the seven-set game, if we are given three sets which do 
not belong to the same triad and try to extend by finding triads that can 
be formed from these three sets, then we eventually obtain all of the seven 
sets.- This is not so in the 15-game. : In the 15 game, given any three sets 
which do not belong to the same triad, we can never reach more than 7 sets.. 
Here we have a substructure of the 15 structure which is isomorphic to the 
seven structure previously studied.; But this time we can go beyond it. 
Such a 7 structure can be called an extension determined by our first three 
sets. It is not desirable to call them planes because the whole game 
occurs in one plane, and so this might confuse children. But if we take 
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any four seta that are not in the same extension, then by constructing third 
seta in triada determined by pairs of sets, we can eventually reach all the 
IS aets. It will be interesting to find that there are the same number of 
extensions aa there are sets (I.e. there are exactly 15 possible extensions). 

Naturally, the same game can be played with objects instead of sets, and 
an isomorphiam can be constructed between the set of objects and the set of 
aets. Eventually a system can be developed in which we can represent either 
the objects or the sets or any other concrete version of this 15 point 
geometry. For example, here is an interesting representation which takes 
the form of a triangle. 




The way that the 15-game is more general than the 7-*game is that in 
the 15-game there are elements, triads, and extensions, whereas in the 7- 
game there are only elements and triads.. We have not yet extended the number 
of elements in a triads But this would be another way of making up a more 
general game than before. 

Clearly our original sets (or our objects) correspond to points In 
geometry, our tria'is to lines, and our extensions to planes. 
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The Thir teen-Game. Four Points in a Line., 

Let us think of another way that we can play a more general game. 
Let there be four points in a line anil four lines through a point. How 
do we play such a game? We can tell the following story: there are 
thirteen children who want to plsy a game in which four children at a time 
c«n participate. The way to be fair in this game is to get everybody to 
play the game four times, and for everybody to play once and only once with 
every other child. Furthermore, we can require that out of any two groups 
of children playing, there should be one and only one in common. This is 
already included of course in the requirements that no child should play 
with the same child twice. 

Children find this game already quite difficult, and we might help by 
giving them a different kind of embodiment. For example, we could take the 
27 elements vector-space, with which children will play quite readily. They 
can be asked to draw 27 pictures so that in each picture there are either 
zero, one or two trees, either zero, one or two birds, and either zero, one 
or two houses. You throw away the picture on which there is nothing (which 
annoys children in any case) and so we are left with 26 pictures. An 
"addition" game can easily be worked out by saying that if you put two 
pictures together, there is a third picture always associated to the first 
two by adding the number of houses, the number of birds, and the number of 
trees with the proviso that if you get three trees you cut them down, if 
you get three houses, you sell them, if you get three birds you let them 
fly away. Of course, if you get four birds, you let three of them fly 
away, and keep one, and so on. In other words, the rules are for playing a 
modulo three game. There are three scalers in the vector space: zero, one, 
and two. The zero is somewhat trivial; multiplying a picture by zero turns 
it into e empty set. The scalar one is also somewhat trivial; multiplying 
a picture by one naturally yields the same picture. The scalar two, when 
used as a multiplier, turns a two into a one, a one into a two, and leaves 
a zero unsltere^. We can ask children to find a partner for each picture 
so that for each picture there is always a definite rule that gives another 
picture to go with it. They will very soon get to the point of saying: 
"Yes, every time there are two trees in a picture, its partner will have one, 
or if it has got two house*, its partner will have one, and if it has got 
one bird, its partner will have two. If it has got none of something, its 
partner will not have any of that either, and so on." 
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In this case, the partner-picture and the picture can be stuck back to 
back so that instead of 26 pictures we now only have thirteen. If we play 
the addition games with these cards, we obtain the thirteen teams of our 
initial problem in the following way. We draw the 26 pictures in pairs. 
Then, if we are given any two double-pictures, only two further double-pictures 
can be obtained by modulo three addition," By this means, we obtain a second 
pair of double-pictures. In other words, we generate sets of four pictures 
in which the initial pair is included. Therefore, we have constricted a model 
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of a geometry in which a "line" will contain four "points" and every "point" 
will have four "lines" going through it. Very soon the children will associate 
the names of ^the thirteen children to one of the double-faced cards, and they 
will have Jtn idea of how to play the game. 

In this way we have generalized from three points in a line to four 
points in a line , but of course we have neglected $o generalize Irom 
points and lines to points and lines _nd planes. We have also neglected to 
abstract, because we have not provided several embodiments. To do so, we 
would have to find some kinds of interesting isomorphisms that can be 
established between a new embodiment and the one we have already established.' 
The search for such isomorphic embodiments should form an important part 
of the stock in trade of the imaginative mathematics teacher of the future. 
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Here is such s new embodiment.; It is possible to take figures of 
people instead of circles, squares, and triangles.; When the geometrical 
figures are overlapping, the people could hold hands. We would need three 
kinds of people. If we want to use the children in the class, we can 
make two kinds of hats. One kind of hat is put on some of the children, 
another kind on the other children, and the remaining children would 
wear no hat. For example, children that correspond to overlapping figures 
of the O » Q » A 8*°* will hold hands, and the children that 
correspond to non-overlapping figures will stand apart to make the distinction. 
In this wsy, we can generate the thirteen elements of this geometry out 
of real children or out of plastic figures. 

It will be interesting to pose the problem of which of these new 
elements correspond to which of the pictures in the thirteen double-faced 
picture game.. The correspondence is very simple. We have to associate 
squares, circles, and triangles to the three different kinds of objects *n 
the pictures. For example: a tree could be a triangle, a bird could be a 
circle and s house could be a square. Now if there are the same number of 
trees as birds on a card, then on the back of the card there will also be 
the same number of trees as birds because this property is not altered by 
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taking'the additive inverse. In this case* the circle and the triangle 
will be overlapping. .If there Is a different number of trees from birds, 
the circle and the triangle will be separate.- If there is no bird, then 
there will be no circle;* if there is no house, there will be no square, 
and so on. Now if the children have discovered how to find the missing 
two double-faced pictures, given any two double-faced pictures, then they 
should be given the task of finding the rule of how to determine the other 
two of the geometrical figures when any two of them are given. In other 
words, what is the necessary and sufficient condition that four of these 
figures should be "aligned." They will very soon find a necessary condition. 
A necessary condition is that in the set of four there should be three of 
each figure of which there are any, : For example, if there are any circles 
at all in the set of four figures, there must be three circles.. The same 
must be true for the triangles; if there are any, there must be three* 
Unfortunately, this is not a suff i cient condition .. 

The necessary and sufficient condition ii rather complex and can.be 
expressed disjunctively as follows:- given fou.: figures, they are aligned 
if and only if for each one of the three possibi? pairs circle- triangle , 
circle-square, triangle-square one or the other of tne following is true.- 

a. . The pair occurs in the sane way three times, and is missing 

altogether from the fourth picture, or 

b. the pair occurs in all four possible ways.; That is, overlapping, 
separate from each other, the first ont without the second, and 
the second one without the first.. 

For example, in a m*t of four, we may have the square and the triangle 
occuring three times oJMLlapping and the fourth time no square and no 
triangle, or we may haviRhe square and the triangle cccuring once over- 
lapping, once separate, once the square without the triangle and once th»? 
triangle without the square.. This is quite a sophisticated, disjunctive 
necessary and sufficient condition.. But, children of nine or ten are 
able to handle this degree of complexity, particularly if they have been 
brought up to consider disjunctions and conjunctions as part and parcel 
of their logic course- 

Representations 

We have sketched a general ization e xerc ise from the seven- game to the 
thirteen-game, meaning that from three elements aligned, we now have four 
elemtnts aligned.. We have also sketched an abstraction exercise of the 
thirteen game by giving two different concrete models of the same abstract 
structure. It is time to find a representation . 
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13-game 




Here is a representation of thirteen elements, twelve elements 
placed around a center. The thirteen sets of four are arranged in four 
shapes. There are three lines, three crosses, three triangles, and 
four Y's, One of the Y's is in the middle and the other three Y's are 
around the sides with the filled-in circle in the middle,; The crosses 
have Lae filled-in circle at the base and the triangles have it in the 
middl* of the mid-point of the base. The triangles are isosceles. In 
this way, the arrangement is completely symmetrical about the three 
axes of symmetry of the figure.. 
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Y-shapes 




Let us now go back to consider the fifteen-game. This' can also be 
symmetrically represented about three axes: whatever happens on one side of 
an axis, happens on the other side of the same axis also. It Is Interesting 
to give a certain number of requirements in this game as to where the triads 
should be situated and see what kind of solution the children come up with, 
while aatiafylng the requirements. It will also be interesting tc give some 
requirements which fully determine the solution and others which do not. 
For example, if we require that the triads should be spaced starting from the 
vertices of the triangle as well as along the inner, the middle, and the outer 
triangles, then the positioning of the rest of the triads is determined.: But 
if we require the "knight's" moves "and the straight line segments from the 
vertices but only those along the s-des, then the solution is not determined. 
In the thirteen game also, the solution given is not unique but there are not 
too many variations possible. 
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We have not generalized the 1 
To do tMs, we can generalize the 
problem of points, lines, and plan 
shapes instead of three. 7 e same 
as in the i3-game,< There will be 
four points, and a plane will have 
to make, once children have played 
to four shapes This is an exampl 
contrive so as to train a child's 
rather thar towards learning by ro 



3-game to ir~ lM de an extra dimension, 
four elemen a line problem to a 
es. This ca. Oe done by having four 

rules apply for generating "four-somes" 
forty possible points, a line will have 
thirteen. This is an easy generalization 
with the three shapes, they will generalize 
e to show the kind of situation which we can 
direction of thinking towards generalization 
te what the teacher presents. 



The 40-game 
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Two Different 31-Games 



There is another interesting 31-element extension that could admit two 
possible solutions. One of these extensions can be derived from the one- 
hundred and twenty-five element vector space, itself based on the five element 
field., We can also derive one from the thirty-two element vector space that 
is based on the two-element fields In this case, we remove the empty set and 
we have a thirty-one element projective geometry which consists of either 
thirty-c-e objects with five different attributes (each attribute having 
two different values) or of sets of objects m« *e up out of sixteen red ones, 
sixteen blue ones, sixteen yellow ones, sixteen green ones, and sixteen black 
ones. Out of these we could make thirty-one sets in such a way that no more 
than one of each color is put in each set, not counting the empty set.: The 
same rules as before can apply tor making the triads. The following diagram 
will act as a representation which takes account of the fact that we are 
dealing with the fifth power of two Children will readily place the single- 
element sets round the first "circle", the two-element sets round the 
second "circle", and so on.- (see diagram below) 

The First 31 -Came 

Many triads will readily be found, such as (ab , ac, bc\ or (a, abede, 
be ie). There are extensions (i.e., pianeO, of seven, and "super-exttribions" 
(i.e., spaces) of fifteen. It will be interesting to find at least some 
of these. 

Suggestions such as "Try to rnake your arrangement look pretty'" will 
encourage children to look for symmetrical solutions. 
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If each letter is drawn as a flowe* of a particular kind, the above 
distribution provides an interesting bouquet.: 

Intt, r ^9tingly enough we can build a thirty-one element geometry out 
of the 12b-erement three dimensional vector 'space. In this case, children 
need to draw 124 pictures with trees, birds, and houses. They are allowed tc 
draw either zero, or one, or two, or three, or four of each kind of object. 
So the largest number of objects on a picture will be four trees, four birds, 
and four houses.- Before they can build a geometry out of this, they will 
have to know about multiplication modulo five. For example, if we take a 
picture with one tree, two birds, and three houses, and "multiply by two" 
we shall have two trees, four birds and cne house. If wc multiply £gain by 
two, we shall have four trees, three birds, and two hou3es; if we do so 
again, we should have three trees, one bird, and four houses. Of course, 
if we multiply again by two we get back to one tree, two birds, and three 
houses. In other words, instead of putting the pictures in pairs as we 
did when we had twenty-six pictures, we will now have tc put them in sets 
of four. So the pictures just described would have to be stuck on a large 
piece of cardboard and be considered as one element.: In this way, instead 
of 124 elements, we will have again the magic number of thirty-one, and we 
can play the "adding game". We will find that to each pair of four-somes 
of pictures, will correspond four other four-somes and no more. This is 
nature! because to any two vectors represented on the two four-somes of 
pictures, by adding we can obtain any member of the two dimensional subspace 
in the chree dimensional vector space.. This subspace will contain twenty- 
five elements if we include the empty set, which represents the zero vector.: 
So it is not surprising that we only obtain twenty-four pictures and the 
empty set, representing the twenty-five elements of the two-dinensional 
subspace.. At this point, the mathematician can perform a slight pedagogical 
cheat, because he knows in advance how the game is going to work out. The 
mathematician can use his mathematical knowledge to help cnifdren have fun 
in discovering mathematics that we ourselves were probably shown ready- 
•nade by some teacher or professor. 

To map the path for our young clients, we must provide another embodi- 
ment of a situation in which a one, two, three , a two, four, one , a four , 
t hree, two and the three, one, four are represented by one and the same 
diagram.. Here is a Suggested solution to this psychological problem: 
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The problem can be put in the following way: the diagrams are drawn on 
one aic^ of a card and the four corresponding vectors (i.e., those that 
belong to the same one dimensional vector space) are written on the other 
sid*. Children have to practice telling what vectors are on the other 
aide of a diagram and what diagram is on the other side of a set of four 
Vectors. To solve this transcoding problem, they have to find out what 
is constant as Chey go from one vector to the next on the same card. How 
is one, two, three, like a two, four, one ? It is not difficult to see. 
T^o is the double of one, and four is the double of two, and three is 
multiple of four of two, and one is multiple of four of four, and so on. 
In other words, the digits are in the same proportion to each other in 
123 as in 241. This is something children will discover wi th gr eat 
pleasure. They will probably write:. l(TT) 2(TZ) 3 and 2(72) 4(7T)l. 



Now let us come to another interesting points There is a principle of 
duality at work in these gamee.. Take for instance the seven game or the 
thirteen game or any other similar game. The problem is to find corresponding 
names for the dual objects. For instance, let us draw the diagrams for the 
"points" in the thirteen-game in black, and then draw the corresponding 
diagrams for the "lines" in red. There will be thirteen red diagrams, each 
diagram representing a line and thirteen black diagrams, each diagram repre- 
senting a point.. So each red picture corresponds to just four black pictures. 
But each black picture corresponds to exactly four red pictures.. For 
example, if w e take the picture of the red circle by itself, it will be 
associated with the black triangle, the black square, the black triangle- 
square overlapping and the black triangle and square separate. In that case, 
if we take the black circle, this black circle should be associated to 
the red triangle, the red square, the red square and triangle separate, and 
the red square and triangle overlapping. The problem of naming the lines 
by means of red diagrams amounts to asking which set of four black ones 
should be associated with which red diagram and visa-versa. The solution 
to this problem in the case of the seven-game and in the case of the 
thirteen will be found in the following diagrams.- 
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** Duality in the 7-game 
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Duality in t-he 13-game 
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Naturally, for the other games in which there are points, lines and 
planes, the problem is more difficult. Points have to correspond to 
planet, and planes to points, and the lines correspond to lines in this 
duality.- So for example, in the fifteen-game each plane or extension as 
we called it, should correspond to one and only one point, and the name of 
that plane should be appropriately chosen so the seven points it contains 
should be able to be translated into the seven planes that pass through seven 
points which should have the same red names and so on.^ So. again the duality 
can be extended from two to three dimensions, from three to four dimensions, 
and so on.. Here is one way of solving the "naming problem" for the fifteen 
(15) extensions. 
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Further Possibilities 

We can make up a 21-point geometry, if vector spaces based on 
Galois-fields are known. Take for example the 4-element Galois-field 
and the 64-element three-dimensional vector-space based upon it. We 
remove the neutral as usual and obtain 63 elements. These can, for example, 
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be 'played with" by representing them as 63 houses, as shown in the following 
figures In the vector addition two similar windows yield no window. 
Naturally the left, middle, and right windows have to be taken independently 
of each other. For example: 
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Houses which are "products" of each other, belong to the same village. 
For example: 
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These form one village.: 
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lt we pick any two villages, by "adding," we can determine three 
more villages. A set of five villages so determined could be called a 
town.. A "town" will be a "line" and a "village" a "point," For example, 
take the following two villages,. 
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The five villages together form a towru 



ERIC 



-82- 



There are 21 such villages. If we denote no window by 0 t 
O by 1, Q by 2 and Q by 3, each house will be numbered. 
Here are the 21 villages: □ 



001 010 100 Oil 101 110 120 

002 020 200 022 202 220 230 

003 030 300 033 303 330 310 



210 102 , 201 012 021 211 111 

320 203 302 023 032 322 122 

130 301 103 031 013 133 233 



121 131 112 113 123 321 111 

232 212 223 221 231 132 222 

313 323 331 332 312 213 333 



Each village can be represented by a figure in order to emphasize 
that our new units are now villages (i.e., "points") and not houses 
(i.e., vectors). For example, the following figures can b< used., 

A □ 

on 1 oa 
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Representations can be found in many different forms,* 
example:* 



For 



O 



odY g 1@a 



@® YodaY@[s]aYo a 



a 



Some of the arrows can be put in to show whe-e the "five-somes" or 
towns" are. Each village has an "emblem" and eacn town has five emblems, 
taken fro* its villages.: Naturally the inhabitants and town governments 
need to be very cooperative, since evejry pair of towns has one village in 
common, and every village pays taxes lO five overlapping towns. 

' Summary 

A number of examples have been given to illustrate some of the initial 
stages of the aberracticn and generalization processes. In the abstraction 
process that leads to the eventual formation of a formalized concept, there 
are many stages.. The first is always a somewhat groping stage, a kind of 
"trial and error" activity; this is usually described as play . The restrictions 
In tue play lead to rule-bound play or games . This has been well represented 
in the present paper. The next stage is the identif ication of many different 
games possessing the same structure, Thi* is the stage of the search for 
I somorphisms . When the irrelevant features of the many ganes have been 
discarded, we Lit readv for a represent. at lon N Such are the many "link" 
diagrams suggested. It Is only when tn.' stage has been reached that it 
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ls fruitful to use a fully symbolic language, the development of which 
will be a later stage in the abstraction process. 

The abstraction process should not be confused with the generalization 
process. Passing from 3 points in a line to k points in a line, or even 
more so to an infinite number of points in a line is generalizing .. Acquiring 
a deeper understanding of the concepts of point and line through comparisons 
is abstr acting * Bringing in another dimension is generalizing , under- 
standing more deeply what is meant by dimension is abstracting . 

It is hcped that through playful activities such as the ones that 
have been described, these exciting processes could be made available to 
more and more children. 
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AN APPLICATION OF PIAGET - COGNITIVE 
DEVELOPMENT RESEARCH IN MATHEMATICAL 
EDUCATION RESEARCH 

Leslie P„ Stt-ffr 
University of Georgia 

The problems of mathematics and logic are independent (but not 
separate) fTOm problems of the psychology of mathematics 1 learning.' Attempts 
to solve p-oblems in mathematics or logic by usii-g psychological methods 
(psychologism) are rejected and, reciprocally, attempts to solve psychological 
problems solely by using logical or mathematical methods (logicism) are 
rejected. Psychologists do not, however, advocate a complete separation of 
mathematics and psychology. On the contrary, a close correspondence exists 
between certain basic "logical-mac. enatical" structures and the cognitive 
operations of the child, where the "logical-mathematical" structures serve 
as models for the cognitive operations. This correspondence has been 
elucidated by the Genevans in their developmental analysis of logical- 
mathematical thought. Aside fror the basic empirical work by the Genevans 
(on number, geometry, space, logical propositions, functions, probability, 
time, etc.), it is this correspondence and its accompanying theory which 
has held the fascination of mathematics educators in the United States. 

A point which needs v empha*> is is that while logical-mathematical 
structures are used by the Genevans to describe the natural thought of tt.e 
child, these structures "do not correspond to anything as such in the 
subject's conscious thought (Beth & Piaget, 1966, pp.- 167)." A sharp 
distinction has been drawn between the problems of psychology from a 
genetic viewpoint and the problems cf Education in mat hemat ic s 

No subject, before he has learnt it, has a concept of what 
a group, lattice, topological homeoaorphism, etc,; is ..... 
Thus it is not in the field of reflective thought , .. that we 
shall ask whether these structures are "natural" we can thus 
' largely set aside the most awkward factor in the attempt to find 
a genetic analysis: namely, the factor of educational and 
verbal transmission (Beth & Piaget, 1966, p., 167). 

In their studies, the Genevans claim not tc reduce natural thought to iomal 
structures but, instead, to use the formal structures to describe natural 
thought as it develops in the child--making every effort (a) to be cog- 
nizant of limitations of natural thought and (b) to arrive at the most 
rudimentary structured wholes. These ruuimentary structured wholes possess 
specific laws of combination (e.g.< reversibility) as well as exhibit a 
generality of form across their contents (i.e., the "grouping" structure).- 

In contrast to these genetic structures are the structures of mathematics 
proper. Throughout the ages, mathematicians have given definitions of such 
entities as set, number, point, and line; all objects of mathematics. In 
modern postulational developments, such entities are left af undefined objects 
or are defined in t',rms of other undefined objects. In fact, a clear 
perception of the necessity of leaving certain objects of mathematics 
undefined led Courant and Robbinu (1941) to comment that 'a d issubstanr. iat lor. 
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of elementary mathematical concepts has bvm one of the most important... 
results of rhe modern postuiat ional dev^op^nt (p.xix)." As exemplifi- 
cation, consider ob]ects called "vectors." The term "vector" has been 
defined as a quantity which has direction and magnitude (Phillips, 1933, 
o.l). This definition is of little algebraic importance because objects^ 
ex. st which do not seemingly fit the definition but yet, along with certain 
operations, sati^fv the properties of a vector space.. An example is the 
-set of infinite se. of elements taken from an arbitrary field-f These 

object* car. be conf as vectors, because if an appropriate set of 

scalars is chosen a - appropriate operations defined, infinite sequences 
satisfy the properties of a vector space-. Certainly to view a vector as an 
infinite sequence is different from viewing a vector as a quantity which 
has direction and magnitude.- While each interpretation of "vector" has 
associated meaning independent of the structure of a vector space, the 
ultimate test of whether the objects are classifiable as "vectors" depends 
on the structure of which they form a part. In abstract treatments of 
vector spaces, the objects are left undefined. 

The learner zf mathematics usually does not gain knowledge of vector 
spaces bv studying only abstract structure. The processes -involved in 
acquisition, b> the learner, of mathematical structures are complex and, 
until quite recently, have not been an object of research Indeed, although 
the identification of genetic structures by the Genevans is a profound 
contribution to research in mathematics education, the latter research area 
contains elements' not directly studied by Piagetians 0 In u^henutics edu- 
cation, t*e student is generally expected to become explicitly (consciously) 
aware or the mathematics being taught.. As already noted, the operational 
structures of intelligence identified by the Genevans^ are not present in 
the -ind .of the child as conscious structures- While" these genetic structures 
nsav serve as mechanises to guide reasoning of the child in the acquisition 
of mathematical knowledge, the mathematical knowledge tray not be at all 
isomorphic to existing genetic structures. In fact, certain mathematical 
structures may be more parsimonious rodeis of cognitive operations than are 
identifiable genetic structures-. 

Piaeet (Beth ard Piaget, 1966) has been somewhat avplirit about 
similarities ana i i f ret - ices ne perceives in mathematical and genetic 
structures. One difference is that, while the mathematical structures are 
the ob]ec:t of reflection on tha part of the mathematician , the genetic 
structures are manifested only in the course of the child's behavior. A 
second crucial difference is, that, in the mathematical 'structures; the isrr 
is independent of *he ^ontert; whereas, in the genetic structures (<?t ieast 
at the concrete -per«t^r. jL stage), the form is inseparable from the content. 
Another difference is that,, in che mathematical structures, the axiom-, ire 
the start ins point of formal deduction; whereas, in the genetic structures, 
the laws are the rul^ •/Men the child's deductions obey. Similarities 
also exist. Relations (operations) in mathematical structures* cor" *prnd 
t cooperations in genetu structures and the "conditions" of the rr'aM^ 
m mathematical structure*' rorrespond to the ^laws of combination" 
genetic strmtures. The construction of mathematical ertities, tbsr,. 



I iur, :»iap.-t restricts hims. ' f to Lh, thr-o basic strurturoa-al h . -i-a-c < 
relational and topological 
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"is an enlargement of the elements of natural thought and the construction 
of M (mathematical) 2 structures an enlargement of particular mathematical 

entities (Beth and tyUget, 1966 p., 189). " This hypothesis is extremely 
intriguing and certainly deserves rigorous testing/ If it can be shown at 
the outset that certain mathematical structures are more parsimoniu^ models 
rf genetic structures than are grQuping structures, the job of testing such 
an hypothesis would be aided, but not necessarily made easier. In the face 
of the above stated similarities and differences between genetic structures 
and mathematical structures, Beilin (1971) has succinctly expressed the belief 
that "little* effort has been expended i.n testing the relations between the 
^conceptual systems of mathematics and The cognitive systems of the child 
except in the most limited of circumstances (p. 118).," The remainder of 
this paper is devoted to an analysis of certain mathematical and genetic 
structures and a 'discussion of selected series of experiment*.- 



Genetic Structures and Mathematics Structures 

In The Child's Conception of Number , Piaget apparently had two goals.- 
The first wa? to demonstrate stages in the development of particular concepts . 
and tne seLond was to demonstrate the development of a conceptualizing ability 
underlying the formation of a host of concepts, i.e., demonstrate existence 
of genetic structures. While the data presented in this book are "old," the 
basic theory of the Genevans concerning the development of number in the child 
has not changed substantially over the last three decades (Piaget, 1970; Beth 
and Piaget, 1966:' Sinclair, 1971). • Four main stages have been identified in 
the development of this conceptualizing ability: (a) sensory-motor, preverbal 
stage; (b) preoperational representation;' (c) concrete operations; and (d) 
formal operations.; Concrete operations are a part of the cognitive structure 
of children from about 7-8 years of age to 11-12 years of age. Piaget (Beth 
and Piaget, 1966, p.' 172) postulates that such cognitive structure has the 
form of what he calls "groupings" in which concrete operations are central. 
While ar. operation is an interior ized* reversible action always part of a 
total structure (Piaget, 1964, 32ff), concrete operations are those operations 
which occur in the manipulation of objects or in their representation accom- 
panied by language (Beth and Piaget, 1966, p.* 172). In other terms, "concrete," 
in a Piagetian sense, means that a child can think in a logically coherent 
manner about objects that do exist and have real properties and about actions 
that are possible — a child in the stage of concrete operations can perform 
mental operations in the immediate absence of the objects. All of the 
grouping structures known reduce to a single model where the differences 
in the groupings reside in the various operations which are to be structured.. 

Grouping I . 

, In The Psychology of Intel ligence, Piaget (1964b) selects special classes 
for part of the elements in the first grouping discussed (in the context of 
a zoological classification). These classes satisfy the following pattern:- 
$CA 1 CA 2 CA3C . a . C Ag where P€ B, the index set. This chain of sets 
constitutes a lattice. 3 In the lattice, the following laws of classes hold.. 



2 Added by author. 

3 See the appendix for a discussion of mathematical terms used in the paper. 
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1. XUX » X: Idempotent Law 

2. XVY^- YVX: Commutative Law 

3. (XUY)tfZ « XU(YUZ): Associative Law 
If XCY,, then XUY - Y: Resorption Law' 



This lattice,, structure (Joes not constitute the first grouping. Classes of 
the form A Q ' « Ay - A 0 , where AqXA^ are also included. The classes A 0 f 
along- with the elements of the lattice are the elements of this first 
grouping. These elements satisfy the following laws. 

1. Aol/Acr 1 m Corabinativity 

/2., If A 0 UA 0 ' * A Y , then A 0 * » A Y - A Q : Reversibility f 

3., (A^jUAo^UAy * A a U (Ao'UA Y ): Associativity 

4. A 0 U$ 9 Aq: General Operation of Identity 

5. (a)A Q UA 0 « A a ; (b)A 0 WA > " \ where A o tA v Special Identities 

This grouping describes essential operations involved in cognition of simple 
hierarchies of classes. Proficiency with the use of the class inclusion 
relation is thereby essential in the establishment of operatory classification^ 
A more general representation of the grouping structure than that given for 
Grouping I above has been given by Piaget (Beth and Piaget, 1966, pp. 172-173). 
Although this general representation is not reproduced here, it is important 
to note that the interpretation given for Grouping I satisfies the require- 
ments of the more general system., : 

Grouping II , ^ v; 

The second grouping discussed is commonly referred to as addition of 
asymmetrical relations — Piaget 's Grouping V. The asymmetrical relations 
referred to are interpreted as relations which are connected, asymmetrical, 
and transitive (connected strict partial ordering If A is a set and M <" 
a connected strict partial ordering defined in A (which well orders A) then 
the elements of A form a chain, which implies that the ordered set A is a 
Lattice. If a 1 is the first element of A, a2 the second, a 3 the third, 
the fourth, a$ thejfifth, etc., then it is true that a 1 <a2^a 1 <a 3 , 
a|<a4, a, < a^, etc.. If these instances of < are denoted by a, b, c, d, etc., 
then the diagram in Figure 1 is possible. Combinativity Telies on the 
transitive property of the order relation involved. That is, if a^ < &2 anc * 
*2 < a 3» then a^ < a^. 

a a 1 b 1 * c ? d 1 



a : < a 2 < a 3 < a 4 < a 5 < a 6 < . . . 
b I J 



<i ! 



Figure 1 
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Th e special notation a 1- a' ■ b is also used to represent the same property 
(Beth and Piaget, 1966, p.. 177). The notation of this latter representation 
seems to be more Suggestive of a grouping structure as the following 
contiguous compositions are highlighted. 

1 .: a + a 1 - b 

2„ b + b 1 - c 

3. c + c ' - d 

'u d- + d * s e, etc .< 

A reason for introducing the notation a, b, c, d, etc.; a*, b', c*, d'» etc., 
other than its being suggestive of a grouping structure, is that it allows 
the following comparisons — acrt.bfl(c, etc.^ Here, "<?C" denotes an ordering of 
instances of the relation "<" — a hyperordinal relation (a relation between 
relations) ha6 been defined where "a" denotes a "smaller" difference than 
does "b". 

Compositions such as a'+ b', b' + c\ etc., are ; sible also by virtije 
of the transitive property, but not a'+ c'\ Elements of the grouping then, 
are instances of the relation (e.g., a 3 < a $ , which is just b f + c 1 )- 
Associativity holds naturally because of the transitive property of the 
relation, but it is a restricted associativity due to the restricted possible 
compositions. An example is (a + a'>+ b'» a + (a'+ b')jor in other terms,. 
[(a^<a2> and (a2<a^)] and (a^ < a^) is equivalent to (a^ < and [ (&2 < a 3^ 
and (a 3 <a^)] in the sense that they both imply a 1 <a^. : Other grouping 
properties, however, appear to be rather artificially imposed by the grouping 
structure* Of the three remaining, reversibility is most viable., Reversi- 
bility is distinguished at two levels.. The first level of reversibility 
consists of permuting the terms of an instance of the relation, permuting the 
relation, or both. In symbols, R(a i <a.) * aj * a^; R '(fi <a j) " a i > d j * and 
R"(a i <ai) - aj>a 1 (Beth and Piaget, 1966, p. 177). The second level of 
reversibility involves operations concerned with these relations.. Piaget 
(1966, p. 177) combines an instance of a relation with its reciprocal 
(with R,R\ and R") in the following three ways. The first is only, possible 

1. (a^ aj ) + (aj < a t ) = ( Sl - a j ) 

2. (a ± < aj) + (a t > a^) ~ (a t * a j ) 

3. (a ± < ajS + (aj > a ± ) : (a t < a*j) 

if the relation is antisymmetric. The second, logical]/, is Just a 
restatement of the first.: The third is certainly logically valid regardless 
of the properties of the relation.: So, (l)-(3) art not taken to express 
reversibility of asymmetric transitive relations at the second level* The 
second level of reversibility associated with asymmetrical transitive re- 
lations involves instances of the relation a± < a. and its reciprocal R", 
Piaget (1966, p.. 178) defines reversibility at the second level by the 
following two statements. 
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1. (a 1 < a 3 ) + (a 3 >a 2 ) - < a 2 ) 

2. (a 1 <a 2 ) + (a 2 >a 1 ) - (& x - & x ) 

The second statement is interpreted as a Suppression of a difference which 
leads to a relation of equivalence (Ben, and Piaget, 1966, p., 178). In the 
first statement, a^ < a 2 must be known a priori because it is not possible to 
conclude that a^ < a 2 based on how a-j is related to a^ and how a 2 is related 
to a^ (one could also say that a^ ■ a^ needs to be known a priori). If a^ > a 2 
represents a "difference" which is "suppressed," then ai < a 2 is "left." 
Now it is apparent that an operation which is distinct from that. made possible 
by virtue of the transitive property has been identified. In effect, the 
operations exemplified by (1) and (2) directly above assume that the series 
a l < a 2 < a 3 < has k een already produced (or constructed) and is at best 
a model of how a child, once he has already constructed a series may, for 
example, start at aj and proceed to a 2 and then back to a*, the starting 
ooint. Because the operations associated with reversibility^at the second 
level are distinct from the operations made possible by virtue of transitivity 
and assume that a series has already t^een constructed, they are not viewed 
by me as germane to a model which describes mental operations involving 
production of a series by a child. Ii this sense, composition of an instance 
of a connected, asymmetrical transitive relation with its reciprocal (R ,f ) 
seems to be a result of an imposition of a general structure. From this 
position, it is a long way to a wholesale rejection of reversibility by- 
reciprocity. Piaget gives , in at least three different sources (Inhelder 
and Piaget, 1969, p. 292; Piaget, 1970, p. 29; Piaget, 1964a, p.: 130), a 
discussion of reversibility by reciprocity as it pertains to a seriatlon of 
sticks task. Children who display operational seriation find the very 
shortest stick, then look through the remaining sticks for the shortest 
one left, etc., until the complete series of sticks is built (assuming no 
two sticks are of equal length). The reversibility displayed in this task 
is described as follows:* "When the child looks for the smallest stick of 
all those that remain, he understands at one and the same time that this 
stick is bigger than all the ones he has taken so far and smaller than all 
the ones he will take later (Piaget, 1970, p. 29). " Symbolically, if P 
is the set of sticks t ate en "and Q the set of sticks that remain, then the 
set of all sticks S - P + Q. Moreover, P is a segment of S and is well- 
ordered by "shorter than," Because "shorter than" well orders S (assuming 
no two sticks of S are of the same length) there exists a y€Q where, if 
x€P t x is shorter than y and if z is any other element of Q not equal to 
y, y is shorter than z.; This is the structure (mathematical) that allows 
the child to operate as he does. Piaget f s reversibility in this context 
is an understanding by the child that y is longer than any x in P and 
shorter than any other zjn Q., This statement of reversibility has as a 
necessary condition Piaget's reversibility at the first level of reciprocity. 
The fact that x is shorter than y is equivalent to y is longer than x involves 
permuting the terms of the relation as well as the relation (R"). For 
the child to realize that each x in P is shorter than all y in Q does not 
seem to demand a knowledge of transitivity because that was precisely how 
the x's were chosen. However, in choosing the x's the^ child must use 
transitivity and possibly reversibility at the first level of reciprocity.: 
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Moreover* R and R* are involved in the statement of the asymmetric property 

of "shorter than." It seems to me, then, the models of reversibility in 

the seriatiori of strings task are given by R, R' and R" and not by models 
of reversibility at the second level.* 

It is only prudent to point out at this point that a mathematical model 
exists which can be used to encompass most of the operations Piaget wants in 
Grouping V under a unique well-defined mathematical operation. This mathe- 
matical model is just the realization of the integers as ordered pairs of 
natural numbers. Obviously, the natural .numbers form a well-ordered set 
ordered by the connected, asymmetric, transitive relation < . In n is a 
natural number, the segment determined by n ({0, 1 , 2 , . . . ,n-l}) is similar to 
any of Piaget's Grouping V tor some n, so that this discussion is rot super- 
fluous. An ordered pair (a,b) of natural numbers is taken to represent the 
difference b-a.< In such case, (a,b) © (c,d) - (a + c, b + d) is the definition, 
of addition of ,two pairs. The two ordered pairs (a,b) and (b,a) are called 
inverses of one another because (a,b) © (b,a) - (a + b, a + b), and (a + b, 
a + b) is just (0,0), the identity 'element of the system.: Moreover, (a^a ) © 
(a 3 .a 2 ) - (a 1 ,a 2 ) and (a, ,a ) © (a 2 ,a ) - (a ,a ), which are analogous to the 
two statements of reversibility at the second level.: Also (a,,a 5 ) © (a ? ,a g ) is 
an example of a composition not possible in Piaget's Grouping. The assumption 
is made here that addition of natural numbers exists as well as natural numbers, 
neither of which is assumed in Grouping V. It is true, however, that 
whether (a,b) represents a' difference or an order (a < b) is innocuous. ' 
So, a mathematical model exists for which a neat interpretation of (a < b; + 
(b > a) - (a - a) is possible. This model, however, is more general than 
Grouping V in that more than c^tiguous elements are combinable and the 
natural number system is assumed* It is the only model known to me which 
encompasses most of Piaget's Grouping V operations under a unique veil-defined 
operation and makes precise "suppression of differences," but yet does not go 
way beyond the Grouping V structure. 

The fact that Piaget's operations of Grouping V are so well-modelable by 
addition of integers raises the question of whether reversibility as the second 
level of reciprocity f is any more than operations with integers. This interpre- 
tation has sound mathematical foundations because an ordinal number is identi- 
fied as a well ordered set so that reversibility at the second level of 
reciprocity may be interpreted as the difference of ordinal numbers., 

Questioning the relevance of the second level of reciprocity to seriation 
tasks leads directly to questioning the relevance of the general identity.: The 
general identity is taken tV> be' an equivalence relation (Plavell, 1963, p.. 1&2) , 
that relation obtained from the second statement of the second level of 
reciprocity— (a x < aj) + (aj > a^ - ( ai - a^ (in Piaget's parlance)'. By 
substitution in the sum (ai <aj) + (a 1 - ai ) , one obtains (through associating 
terms) [ (a : < a.) + (a : < a,)] + (aj > a x ) - (a 1 - a^ * The first sum is 
(*!<*,) and the second iB (a* - &1 ) which shows the nonassociativity of 
special combinations iti. Grouping V structure., It ahould be noted that this 
notation introduces a relation of equivalence (a^ ■ a^) apart from the 
set A and the order relation < . 




The special identities are of the form (a 1 < a 2 > + (a 1 < a.) - (a 1 < a«) , 
where a« < a . Even if this statement .is taken to mean that it a^ < a 2 ana 
« 1 < a~, then 1 a^ < 33 whenever a 2 < 83, it is rather innocuous to the relational 
structure of < . Empirical evidence is quite' scanty that special identities 
model any sort of thought in the child. In fact, Flavell (1963, p. 193) 
does nqt even mention them in his summary statements concerning empirical 
.evidence for existence of Grouping V nor does Bfeilin (1971) mention- them in 
his review of training studies concerning logical thinking. In such training 
studies, experimenters generally focus on conservation, transitivity, class 
Inclusion, or reversibility (Beilin, 1971). Hence, similar statements may 
be made regarding the general identity and associativity. Piaget apparently 
assumes, as noted by Flavell (1963), that "where reasonable evidence for one 
or two components is found, the existence of the grouping structure as a whole 
can be inferred (p. 190)." 

In view of the foregoing discussion, there* seems to be little reason to 
go beyond the relational structure per se in the case of connected, asymmetrical, 
transitive relations for a model of intellectual operations modeled by Groupii.g* V 
Piaget (1964a) himself has commented, "The criterion for the psychological 
existence of relations is the ... construction of their logical transitivity •> 
(or, if they cannot become transitive, the Justification for their non-tran- 
sitivity) (p. 11)." One should not misinterpret the' assertion that there seems 
to be no reason to go beyond the relational structure per se in the case of 
connected, asymmetrical transitive relations to find a model of intellectual . 
operations concerning those relations, to mean that the grouping cannot be a 
model.. The simple fact that it has been applied as a model counteracts such 
an interpretation. In that application, however, one' has to be willing to 
accept the conditions of the application. By not accepting all of the condi- 
tions, new problems are opened in mathematics education, problems which may 
be important not only in mathematics education, but also in cognitive develop- 
ment theory. 

Before elaborating more on these problems, it is necessary to further 
discuss Genetic Structures. Three remaining grouping structures are of central 
interest: Grouping IV, VI, and VIII— Bi-Univocal Multiplication of Classes, 
Addition of Symmetrical Relations, and Bi-Univocal Multiplication of Relations. 

Grouping VI 

The symmetrical relations dealt with are not necessarily reflexive or 
transitive. This fact complicates Grouping VI and introduces special re- 
strictions on combinativity. For example, if aR b b means that a and b are 
brothers anc aR g b means that a and b have the same grandfather, then from 
asserting that aR b b and bR g c, it can be concluded that aRgC. Thus, it is 
possible to "combine" two relations which are distinct. The general identity 
of Grouping VI is analogous to the general identity of Grouping V in that it 
is denoted by a - a (a is in an identity relation *ith itself)— that is, logical 
identity. Reversibility is given by the symmetric property— if aR b b then the 
reciprocal bR b a is taken to be the inverse and is analogous to R" (or R 1 ) of 
Grouping V. : Flavell (1963, p. 138), in his analysis of Grouping VI, identifies 
reversibility at the second level of reciprocity (also analogous to that in 
Grouping V) as (aR b b) + (bR b a) - (a - a) . This general identity also behaves 
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according to the statement (a - a) + (aR b b) - (aR b b). .Special identities are 
given by tautology (aR b b) + (aR b \) - (aRbb) and what is called resorption 
(aR b b) + (aR g b)' - (aR g b), 

Logical Identity and Grouping VI 

At this point, it is necessary to draw a sharp distinction between logical 
identity and equivalence relations in general. Following Tar ski (1954 ) , the 
statement "x - y" is defined as follows; "x - y if and only if x and y have 
every property in common (p. 55)." From this assertion, one can conclude that 
(a) everything is equal to itself (x « x); (b) if x - y, then y - x; (c) if x - 
and y - z, then x - z (thus "«" is an equivalence relation); and (d) if x - z 
and y - z, then x » y (two things equal to the same thing are equal to each 
other) (Tarski, 1954, pp.- 56-57). Logical identity, however, far from exhausts 
equivalence relations. When two planar point sets — segments, triangles, 
pentagons, etj^ — are called congruent, what is meant intuitively is that one can 
be made to fit exactly on the otner. While more formal definitions for con- 
gruence can be given /Gans, 1969, p. 20), it is only necessary to note that 
congruence for planar point sets is an equivalence relation. It is not, 
however, an equivalence relation in the sense of logical identity.- For in a 
triangle whose sides are congruent, one would no* say that the sides are 
identical. There are cases, however, where it a queation of the logical 
identity of two geometric entities. Such cases may arise as special cases 
of two distinct, but overlapping general properties— the altitude and median to 
a base of a triangle are logically identical in the case where the triangle 
is isosceles. 

Other examples of the distinction between logical identity and equivalence 
relations important in this development are set equality (an example of logical 
identity) and set equivalence (an example of an equivalence relation but not of 
Togical identity). Equal sets are equivalent but it is not necessary for 
equivalent sets to be equal. Equality of ordered sets and set similarity Is 
another example of logical identity and of an equivalence relation which is not 
an example of logical identity. Two equal ordered sets are certainly similar 
but two similar sets need not be equal (to be equal, they would have to contain 
the same elements). In the example above concerning congruence of planar 
point sets, if two congruent point set* also contain the same points, then 
the sets of point6 are not only congruent, but are also equal (in the sense of 
set equality) and hence are logically identical as well as congruent. 

^ That the general identity of the grouping structures can be interpreted 
as'an aspect of logical identity is no exaggeration. Not only does Piaget 
hypothesize that a fundamental grouping of equalities occurs in disguised 
form as a special case in all other groupings (Flavell, 1963, p. 187), but, 
in his Heinz Werner lecturts (Piaget, 1969), he also analyzes the development 
of identity in the child in which he included a partial discussion of how 
identity is related to grouping structures. In the case of Grouping I, "in 
an additive classification, .... we do have A - A, B ■ P, etc., but only on the 
condition that A - A * 0 and A + 0 " A. The* identity, A « A depends on a 
regulator, the "identical operation" of a grouping, that is t 0; from this 
point of view, identity has become operational only because it has been inte- 
grated into a system of operations (Piaget, 1969, p. 21)." Identity, then, 
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ean apparently be viev "is an interiorized operation at the level of 
concrete operations 

The above quotation can be interpreted as a condition for psychological 
existence of the reflexive property of logical identity of set equality. 
Logical identity is transitive, however, as well as symmetric. While both of 
these properties are dealt with by Piaget (1969), the first is in the con- 
text of an experiment dealing with the growth of a plant and the second is 
in the context of an experiment dealing with beads in two states— as a 
necklace and spread out in a box. An experiment dealing with logical 
identity in the context of set equality would have to deal with the three 
properties of set equality .- So, only an aspect (reflexive property) of 
logical identity is dealt with in this first grouping, and it is very 
limited in that "the child of 7-8 years may be said to understand the 
operation +A -A - 0, insofar as he knows that adding A, then taking it ^ 
away, is equivalent to doing nothing . . .: (Inhelder and Piaget, 1969, p. 146)., 
The null class apparently is a later construction developing at 10-11 years 
of age due to the fact that the concrete operations assume the objects do 
exist.* Since Piaget (1966, p. 176) clearly states that tne general 
identical element of Grouping I is the empty class, the relatively late 
development of the empty class (10-11 years) seems to be inconsistent 
with the status of Grouping I. 

"identity" appears as a preoperational notion but is not to" be taken 
as a source of the groupings. Instead, it is to be considered as an 
interiorized operation— a part Of the grouping. In terms of Groupings 
V and VI, identity must be interpreted more broadly than set equality. 
As already noted, the elements of these two groupings may be considered as 
instances of the delations which are organized. However, the general 
identity of the two groupings is neither an order relation in the case of 
Grouping V nor an instance of the symmetrical relation being considered in 
the case of Grouping VI but is identified in each case as an identity — and 
is now interpreted as nothing more than an aspect of logical identity.: 

Equivalence and Grouping VI 

Set equivalence, set similarity, and congruence for planar point sets are 
all examples of equivalence relations (symmetrical relations) which are not 
examples of logical identity. In alJ three cases, one need not incorporate 
logical identity in a statement of Grouping VI properties. If V denotes 
any equivalence relation defined on some set A, then a statement of combina- 
tivity, "If a'vb and b\c, then a-vc," ie Just a statement of transitivity. 
Reversibility becomes "If a^b and b^a, then aW;* associativity is expressed 
as " [(a^b and b?'c) and c\d] is equivalent to [a^b and (b^c and c^d)]," 
because each is equivalent to a'v-d; the general operation of identity is "if 
a^a and a^b, then a^b^' A statement of the special identities is not very 
interesting, but, if the form given by Flavell (1963, p. 183) is adhered to, 
"If a%b and a^c, then a'vc" is a statement of special identity through 
"tautology", that is to say, the statement is always true.; From the statement 
of the antecedent, one can conclude that bv, which to me is a stronger 
conclusion that a^c. At any rate, in the statement of the grouping properties 
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no recourse to logical identity is necessary. It is to be emphasized that 
the reflexive property of an equivalence relation does not express the same 
thing as does the reflexive property of logical identity.. To say, for example 
that a set is similar to itself is different than saying a set is equal «> 
itself.. Similarity implies one-to-one corre?pondence and order, whereas set 
equality, in the sense of ordered sets, implies only, order and element 
membership — one-to-one correspondence is not necessary to set equality* 

The statement of the Grouping VI properties given above in the case of 
equivalence relations were made possible not only because of the properties 
(reflexive, symmetric, and transitive) of equivalence relations, but are 
also a modification of the statements given for Grouping VI in the psycho- 
logical literature. That modification is more than a modification of state- 
ment f^rms is quite apparent due to the fact that the statement of the 
general operation of identity does not include a statement involving logical 
identity. In the case of Grouping V (that concerned with connected, asymmetri 
cal, transitive relations), it has been already pointed out that reciprocity 
at the second level (and hence, the general identity) is viewed as not being 
germane to a model which describes mental operations involved in seriation 
* activities by young children. ^ This view ie stronger when considered in the 
context of logical identity, for logical identity is quite distinct from 
the order relations described.: 

Partial Orderings and Grouping VIII 

Mathematically, two' distinct relational structures have been discussed 
in this section — equivalence relations and connected, asymmetrical, transitive 
order relations (connected strict partial orderings). Logical identity was 
considered as a special equivalence relation.. One remaining relational 
structure worth mentioning is a connected partial ordering; i.e., a connected 
relation "a" which x is- reflexive , antisymmetric, and transitive.. This re- 
lational structure can be thought of as being more general than those of 
either equivalence relations or connected strict partial orderings in that it 
"contains" both of them as substructures. The relationships among the three 
structures are quite simple. Consider the set of all living people. This 
set can be partitioned into equivalence classes using the equivalence relation 
"same height as.," If a subset of the people is chosen in such a way that 
one person is chosen from each equivalence class, this subset Is orderable 
using the connected, strict partial ordering "shorter than" (or "taller than") 
One can consider the equivalence classes as having been ordered. The ordering 
of the equivalence classes could have been accomplished not by successive 
application of two relational structures, but instead, by application of the 
relation "shorter than or the same height as," which is a connected partial 
ordering defined on the set of people. This relation not only partitions 
the set of people into equivalence classes, but also orders the classes by 
virtue of ordering the individuals of the classes.; Special characteristics 
of the relation ejist. One is that if a is shorter than b and if a is the { 
same height as c, then c is shorter than b. In fac? if A is the set of all 
people the same height as a, any individual who is a member of A may be 
substituted for a in the statement "a is shorter than b", the result being a 
true statement. Generally, connected partial orderings are not dealt with in 
ar.y t of the grouping structures discussed thus far. The fact that it is a 
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viable candidate for a model of active intellectual operations is strengthened 
by consideration of the relation "fewer than or Just as many as^ defined on 
finite sets in terms of one-to-one functions. What this relation does is to 
partition finite collect ions into equivalence classes and then order the classes 
In the same manner that the equivalence classes of people were ordered by 
"shorter than or the same height as." Any finite collection can be considered 
as representing the class to which it belongs, or as representing a cardinal 
number (where the cardinal number is defined cs the class to which the finite 
collection belongs). *♦ One may think that Grouping VIII (Di-Univocal Multipli- 
cation of Relations) would be general enough to encompass connected, partial 
order relations but instead, it seemp to me that this grouping assumes them 
as Flavell (1963, p. .applies Grouping VIII in the context of asymmetrical 

relations. / 

As an example of Grouping VIII, let A denote a set on which two connected 
partial ordendngs are defined.* If A is taken to be a collection of bundles 
of sticks and the two relations are taken to be "shorter than or Just a6 long 
as" (<_ ) and "more than or Just as many as" (<*) then A can be depicted 
schematically as in Figure 2. If a row and column entry is considered as a 
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Figure 2 Matrix of Stidks 

bundle of sticks, then < orders A by rows and <_* orders A by columns. 
Obviously, the bundles of sticks in Figure 2 were chosen so all row and 
4&lumn positions would contain entries. This requirement is not necesaary; 
that is, "some row and column positions could be without entries.: The relation 
<_ is asymmetrical if it is applied to rows/and it is in this sense that 
Grouping VIII involvea asymmetrical relations. The relation defined by 
"shorter than or just as long as and more than or Just as many as" 



** Note that any seXja^Tbe used as a standard set., In particular, the 
counting set (l,2,...n) may be used as a standard set. Whether the counting 
set or the equivalence class is considered as the cardinal number of a finite 
set theoretically makes little* difference. 



ERIC 



-97- 



(deonted by (£, </]) is a partial ordering on bundles of sticks, but it 
is not a connected ordering. If is a bundle of sticks in the (i,J) 
position (the ith row and jth column), then if Si j [<_ , </ ]S kl , it will 
always bi true that i<k and j<l. In the following diacussion, if for 
some (i,J) and (k,j;, S 1J [ < t - r )S k j andl if for come (i,j) and (1,0, 
s ijl"t l' ]Si£ , the shorthand notation MjtllS^j and [_< ' 1 S it Is used* 

Compositions are really at two levela of complexity. The first Is + 
depicted by "If S^MSj. and Syt^'JS^, then S^tl. I'JS^." This compo- . 
sitfon simply means that if the sticks in are shorter but equal in numero- 
sity to the sticks of Sj ci and the sticks of 5 k j are just as long as but more 
numerous *han the sticks" of S kl , then the slicks of S,. are shorter but more 
numerous than the sticks of S kl . Also, "If S A j I'js^ and S ki [ S I'l^n 
then S^jtl. l')S denotes a possible composition at a more general level of 
complexity than before. An interpretation is that if the aticka in S<j are 
more numerous but shorter thsn the sticks in S kt snd the sticka in are 
more numerous but ahorter than t^ie sticka in S mu , then the sticks In S±a are 
more numeroua but shorter than the aticka in S nn . Interpreting Flavell J (1963, 
pp. 185, 186), the inverse operation could be depicted as follows: "If 
s ijl±» ±')S k ,*and S. t [>, I'lS^, then S^h, JS^^. , where the, general identity 
would be S^jN, "'l^ll* which Is not an expression of logical /identity but la 
nothing mor* thsn, reflexivity of [_<, ] . This expression of reveraibility *s 
analogous to the expression of reversibility of Grouping V at the second level 
of reversibility. Here, it alao aeems to be sn unnecessary addition to the 
structure, "ertainly, one would want a child to&now that if the sticka of 
S ij were ahorter but more numerous than those off S.^, then the sticks of 
are longer but less numerous thsn those of Sjj , which is snslogous Co reversi- 
bility st thr first level of reciprocity, 'Vie csn give a legitimate interpre- 
tation of reversibility at the aecond lev**l >r Grouping VIII in terms- 
of movement from position to position in the matrix, but this Inter- 
pretation la different than thst given tor relations considered immediately 
a*bove» and the two ahould not be confused < 

There exists, then, the relational structure of [_<, <_ 1 ] , which is s 
partial ordering. This relational structure scema sufficiently rich to 
encompsss the behavioral analogues observed in the child, just the rela- 
tional structure of connected strict psrtisl orderlngs seemed sufficiently 
rich to encompsss the behavioral snslogues observed In the child in the 
case of Grouping V, without recourse to all of the Grouping properties. 
More discussion on this point Is given after a discussion of one remaining 
genetic structure — thst of Bi-Univocal Multiplication of Classes^ 

Grouping IV 

r 

Starting with an example, if a claas C la partitioned Into two aubclaasea, 
say A^ snd A 2 , snd two other subclasses, say and B2, then C - AiUA 2 ■ 
B 1 UB 2 . Moreover, C - (£f0 A 2 ) f\ (B^ B 2 ; - (A x B, ) U (A x A B 2 ) U (A,0 B^U 
v" 2 r\B 2 ). If C is tsken to be s set of marbles, then A^ could be Slue marbles, 
A 2 jresn marbles; Bi glaas marbles, and B 2 steel marblea.^ The set of marbles 
then, is partitioned into blue glass marbles, green glass marbles, blue steel 
marbles, snd green ateel marbles.: In other words, s matrix or double entry 
table of four cella has been generated with the component classes slong each, 
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dimension. Rather than just 2x2 tables, general m x n tables nay be 
generated through appropriate part'itionings.. The grouping structure is 
supposed to describe essential mental operations and interrelationships 
among "scnrai operations involved in partitioning a given class Into sub- 
classes and in constructing simpler partitionings given a multiple 
part it toning. 

Ccxpositi.cn is aescri-jid as just the intersection cf classes; either the 
intersection of tvc classes (e.g. K^f\ B^) or the intersection «€ unions 
[e.g. (A^U A^) A (&i UBi) ) • Other properties are straightforward except, 
perhaps, for"r<jversiblIity . If Ai A ■ E, then s "division" of classes is 
introduced so that k\ • £:5j and is to be interpreted as an abstraction of the 
clftf? A i fr^s A^ABj. That is-, if from the class of blue glass trirMes the 
class ot glass marble** iE abstracted, -hp cl^.ss of blue marbles remains^ The 
&eneraj identity element is taken to be the trost general clas* of the system 
which :fii in the example*, the class of marbles. If- from among the marbles, 
the steel ones 3:t singled cut and then if their "steelness" is disregarded, 
they «re only regarded as m?rbles< Symbolically, this process is represented 
bv *2 " B 2 AC, so C - B2:B 2 .- Thi3 sort of reversibility is distinct from that 
of Grouping I in that in G *ouping I the elements of a class were Subtracted 
rather than a property of them being abstracted.. Both of these processes of 
reversibility are to be considered as I nversions "which makes an inverse 
operation t~ 1 correspond to an operation t, which, combined with it, ends by 
annulling it (Fiaget, 196o, p. ^176)." 

f,en e ral D iscussion of Grouping Structures 

.Sot only are the genetic structures discussed to be considered as models 
?t cognitive operations essential to the cognition of hierarchical classifi- 
es: ions, multiple classifications, seriations, and multiple seriations, but 
they are also to be considered as making quantification and conservation 
possible.: Although definite distinctions can, and should, be made between 
mathematical and genetic structures, there are no a priori reasons to believe 
that some mathematical structures could not be shown to be models of cognitive 
operations in the sane *ense as the grouping structures are. In fact, it has 
been irditated that when the grouping structures are specialized to encompass 
aathemat leal structures of interest, certain antimonies occur which are not 
resolvable on logical grounds. Such is the case for Grouping V, Grouping VI, 
( "rouoing VIII, and, to a lesser exleUS, Grouping I. 



As noted, »:he structure of connected, asymmetrical, transitive relations 
sterns sufficiently ricn to encompass behavioral analogues observed in seriation 
behavior of children, without recourse to reversibility at the second level of 
recip ocitv, the general identity, and special identities. An application of 
a model for the integers was made to series of Piaget's Grouping V, but I feel 
that jthe aodel for the integers is too general in that it introduces difference! 
and differences are not logically essential to the relational structure 
ot concern. The model did, however, allow for a neat interpretation of the 
grouping operation.* The fact remains that as far as I can detect at this 
tire, the structure o f connected, asymmetrical, transitive '.elation* Is, 
as a logical model of seriation behavior, more parsimonius than Grouping V. 
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Hovever, I do not conaider the question answered; further empirical work, in 
the sp.'rit of Piaget, needs to be done whose goal is to ascertain which model 
ia the more parsimonious one While this research should incorporate all 
aapects of each model, the general identity, reversibility at the second level 
of reciprocity, and the apecial identities should be of special concern.: The * 
ordered pair nodel for the integers should not be ignored, because if reversi- 
bility at the second level of reciprocity is observed in seriation behavior, the 
child may already be operational with "number." Because the general identity 
has been ahovn to be an integral part of the grouping structures, its develop- 
ment needa more explication. There ia an excellent prospect that logical 
identity is a developmental phenomenon. Then developmental studies should 
also be undertaken, whose goal is to trace the development of logical identity 
and its relation to developmental aspects of seriation and classification 
behavior . 

T£e extent to which partial orderings nu»y be considered as a genetic 
structure also needs investigation. In such an investigation, it would be 
neceaaary to relate the grouping structure to partial orderings to obtain the 
more parsimonious model of active intellectual operations concerned with 
relations. Moreover, the role of logical identity also needs explication here.. 

Because partial orderings contain equivalence relations as a substructure, 
a partial ordering mav encompaas classifications K But rather than equivalence 
relations being discussed in the context of partial orderings, they are being t 
singled out as a special entity of concern. When Grouping VI was specialized 
t«r equivalence relations, the relational structure was auf f iciently rich to 
Imply the grouping propertied—recourse to logical identity was not needed. 
This fact suggests that equivalence relations in general may have a develop- 
mental nistory of their own separate from that of logical identity or 
ayeaetT'cal relatione which are not -equivalence relationa. It has not been 
pointed out thai the motion of contiguous elements, so central to the 
grouping structures is quite blurred in the uenrcr* cf equivalence relations. 
The notion is distinct for seriatliona, but it is not frr equivalences.; For 
example, given a collection of sticks which a ychlld is to clarify on the 
basis of "the same length," what sticks are to be consider*^ as contiguous 
or "next to each other?' 1 Any two will do.. Simply because the mod*! .'equiva- 
lence relations) doea not require step by step combinations does not rean 
that children will not use auch combinations.; If children do combine elements 
step by atep, aVjaadaKof the phenomenon should account for it. While the 
grouping structures account for contiguous combinations, specializing 
Grouping VI to equivalence relation^ does not lead to any requirement that an 
element occupy a unique place in a classification, as did Grouping V for a 
aeriation. Because of this fact, children may operate differently with equiva- 
lence relations than with order relations. 

In the above example, another aspect of equivalence relations is brought 
out — for every equivalence relation defined on a set of elements, there exifls 
a partition and for every partition there exists an equivalence relation.* Hence, 
there is a one-t>one correspondence between the equivalence relations defined 
on a set and the possible partitions of the set. ^o, cne would hypothesize a 
cloae relationahip between behavioral manifestations of equivalence relations 
and clasaif icatory behavior of children This possible fundamental rc-lat ionship 
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has not been fully investigates ar.d, in my estirr'iUon, is not clearly 
accounted for by Plaget's Grovpin^s.- I must be quick tc Int out that 
Piaget cor tends that c J asses and relations develop synchronously. Then 
should one infer partitioning behavior from relational behavior, or vice 
v?rsa? 

C muping Structures and S uabe * 

Even though the relevance of the total Grouping Structure to cognition of 
relations has been questioned, the Ceneva\ i iterat are concerning the develop- 
ment of number (and measurement N can be und-^stcod only in the context of thr 
Grouping Structures. !be Genevans viov „he genetic construction of the natural 
numbers as being brought about through a 'Synthesis" of Grouping I and V (Beth 
and Piaget, 1966, p. 175) . : In fact, G^ize has -gone so far as to show that, 
starting froir hi* general presentation of the Grouping Structure, certain 
modifications can be made which leas tc> a structure Vhich he shovj to be that 
of the natural nuirbers (Beth and Viager. 196S ?p. 263-270).; Showing 
logically that such a modification is Possible dees r.ot prove, however, that 
the restriction* made on the Grouping Structure .orrespond to any developmental 
process in the child. That such Ji possibility exists cannot oe ignored or 
ca^en lightly. But rather .han dwelling or. possible research studies which 
would shed Ugnt or. a potent la 1 cor v*i jzence hetve-o^ Jrize's formalization 
and the development of number, the earner Jn wrier? r -r-japmgs I and V are 
''synthesized" is outlined.. 

Piaget {196^, pp. ^ 83, 1S4) 3ive> tv essirtt-sl conditions for the 
"transformation" of classes into nu^Via., In t v e J is cuss ion . it must be absuroe 
some hierarchical system tcA^A^r ,Cl»nj rf classes c>i3ts, each c^mp:ecen 
which contains a singular element.; t~i e;<vr?i<-, A' L could be a bead. A]/ a. cube 
a* bean, etc.. .*-here - Aj * Aj 1 , A * - ^2 " etc- T»ie first condition 

given is that ail elements '*ust be regardet £s ecui^ient (all qualities of the 
individual tierent** are eliminates). But, iC rendition op* holds, then A2 
would not be h c.*«jss of two elements, but instead only one, i'or A^UA^ ■ 
A. if A t * * At—which id to say t>at the quality ot the elements is eliminated. 
I? the dlf /ernnces of A ^ aod A^ 1 are t^.ken into acccirc, then they are no 
longer e-ju^vaient to ooe mother except with respect to This brings the 

second essential condition into focus.; In effect, the equivalent terns must 
sorrerwv remain o*fstioct but that distinction no longer can have recourse to 
qualitative i if ( francos Given an object (the bead), then any other object 
is fi;s:iogui9V:c from inat object by introducing order— by being placed next 
tc % >ftl<?cred after, -»t." ^ "These "two conditions are necessary and sufficient 
to give rise + "> n'.^ber^. N tr.be r ie at the same time a class and an asymmetrical 
relation .. (Pi^gtt, 1964, 18'*)/' In qualitative logic, objects cannot be, 
at one and the i'we time, cla.^slfi^d and seriated, since addition cf classes 
is cccnutati/e wh*r*«3 seristict is net (Piaget, 1952, p.- 184). II rhe 
qualities yf the elements are abeti ^ct^d , then the two groupings (I and V) no 
longer tannics independently , bjt ot-essarily merg* inf> a single system. 
The on'.y v.-y r c diet .'ngiish Aj K \^ , A ? ' , ... is to s,°riat.- them A + A-* A- . , . , 
where • .ie.^cte«: the s u^emor relation' fWh and Piaget. 196c, pp. 266, 67) .> 
Clear]}, Fiagat c?n*l<Urq each A to be a on' t-elemcnt , at once equivalent to, 
buf dif-t'.nrt from, tne others, ^herc the equivalence arises through the 
eilmirnt" g*» of qu«litit"i and the *i istinct [v^ness arises through the order 
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of succe*srbn; 

In Piaget' s system, the.i, number is not to be^^e^uTed to one or another 
of tne grouping?, but instead is a new construction — a synthesis of Groupings 
I and V, Elc.ents, from the point L*f view of their qualities, are either 
considered fien the point cf view of their partial equivalences and are classi- 
fied, cr are ccrsidercd frum the point -^f 'view of their £if f erences, ind are 
se.iated< It is not possible to jo both at ^r-ce unless fche qualities are 
ibocracted (or eliipinate^) , and rhen it is necessary that\both are done 
simultanecjsly--one carrot help it! 

It is now poss'ole to understand the development of one-to-one correspon- 
dence. Qualitative correspondence is correspondence which is based only on the 
qualities of corresponding elements, whereas numerical correspondence is 
correspondent e in which each element is considered as a unit element. Intuitive 
correspondence is correspondence based entirely on perception and, consequently, 
is not preserved outside the actual field of perception; but operational 
correspondence has as its distinctive characteristic the fact that it is 
preserved independentlv of peveption (Piaget, 1964, p. 70). Qualitative 
correspondence, then, can be either intuitive or operational but numerical 
correspondence- is essentially operational.- Children pass through three 
stages regarding .one-to-one correspondence; the first is essentially no 
correspondence (up to approximately 5 years of age), the second is intuitive 
tqualifative correspondence, and the third is operational or numerical correspon- 
dence.. Essotrf iall> , then, operat ior.al^ one-to-one correspondence assumes 
nuaiber (as viewed by Piaget).. 11 

Set sirilarity is also a developmental phenomenon. Piaget (196,4, p. 97) 
differentiates between qualitative correspondence between two seriatiPns and 
numerical correspondence between two series. The construction of a single 
series and that of finding a one-to-one correspondence between two series amounts 
to the same thing insofar as Piaget 's behavioral analyses show. Children again 
go through tnree stages with regard to set similarity — no conception qf the 
possibility of seriation, or similarity, seriation or similarity basei on 
perceptual pro* esses; and then numerical correspondence between two seVies. 

The notion of a unit is central in Piaget's system and is not deducible 
from the Grouping Structures, but rather is the result ot the synthesis 
already alluded to. Once t eversibility is achieved in seriation and classifi- 
cation, "groupings of operations become possible, and define the field of 
the child's qualitative logic (Piaget, 1964, r * 155)." Here, operational 
seriation has as a necessary condition reversibility at the first level of 
reciprocity.: "A cardinal number is a class whose elements are conceived as 
'units' that are equivalent, and yet distinct in that they can be seriated, and 
therefore ordered. Conversely, each ordinal number is a series whose terms, 
though following one another according to the relations of order that determine 
their respective positions, are also units that are equivalent and can 
therefore be grouped in a class. Finite numbers are therefore necessarily 
at the same time cardinal and ordinal ... (Piaget, 1964, p. 157).," The 
development of classes and relations does not, as it may seem from the above 
quotations, precede the development of number in Piaget's theory, but those 
developments are simultaneous.; Without knowledge of the quantifiers "a, 11 "none," 
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"some," anu ail," which implicitly involve cardinal number, the child is not 
\capable of cognition of hierarchical classifications. A genetic circularity 
Consequently exists in the developmental theory of classes, relations, and 
numbers. 

^ Subtleties exist in the notion of ordered sets which sometimes are 
obscured by physical embodiments, If a connected, asymmetrical, transitive 
relation a is defined in a set A, then one may think of the elements of a as 
beink ordered according to a.. A physical embodiment is rhe case where a ^ 
collection of sticks, no two of which are the same length, is ordered by 'shorter 
than.'t This delation a completely determines a particular order on A. If a 
relation a f distinct from a, but nevertheless a connected strict partial ordering, 
is.<lefl*ied on A, &r» ordering of A exists distinct from the former.. Such an 
ordering in the case of the sticks could be an ordering based on, say, diameter 
(where, off course, appropriate conditions on the diameters hold). If A^ 
represents the sticks ordered by a and A f by a', then A is similar to A but 
the two \re not necessarily equal ordered sets, which would be the case if and 
only if oj and a' ordered A in the same way. If A contained n sticks, then a 
similarity mapping could be established between the standard set {1,2,3, ... ,n) 
and A ordered by a. Of course, a similarity mapping could be established 
between the standard set {l,2,...,n> and A, ignoring a. 

In '.his study of ordination and cardination, Piaget (1964, chap. VI) 
employed three experimental situations, one involving seriation of sticks, one 
seriation lof cards, and one seriation of hurdles and mats. In the seriation of 
sticks experiment, the child was asked to seriate ten sticks from shortest 
. to longest; and then was given nine more sticks and was asked to insert these 
into the series already formed (the -material was constructed in such a way 
that no two sticks were of the same length). He was then asked to count the 
sticks of the series after which the sticks not counted (or sticks the child 
had trouble counting) were removed, apparently along with one or two tie did 
not have trouble counting. The experimenter then pointed to some. stick 
remaining and asked how many steps a doll would have climbed when it reached 
that point! how many steps would be behind the doll and how many it would 
have to climb in order to reach the top of the stairs formed by the sticks. 
The series Iwas then disarranged and the same questions as before were put to 
the /child, iwho would have to reconstruct the series in order to answer the 
questions . I 

There is no question that aspects of ordinal number and cardinal number 
were involved in the a,bove experiment. Any conclusions drawn with regard to 
number, however, by necessity are a function of a capability to construct a 
series of stick* based on a connected asymmetrical relation having little to 
do with ordinal number. To demonstrate my concern more concretely, an eight 
year old child was asked by. me which, of a collection of books on a table, 
would be the third one. He answered, ''What do you mean, any one could be third! 
Piaget's experiment with the staircase, then, was more an experiment concerning 
similarity between a set of n sticks ordered by "shorter than" and the standard 
counting set U,2,...,n) thart'it was an experiment concerning ordination anu 
cardination^ A similar analysis holds for the seriation of the cards experi- 
ment. While no analysis of the hurdles and mats experiment is given, suffice 
it to say that it too involves specific relations. 
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In the mathematical development of cardinal and- ordinal number, no 
analogue of Plaget's "arithmetical unity'' exists except for elements of sets. 
"Set" is taken as an undefined object and relations, cardinal number, and ordinal 
number are defined In terms of sets. Such a procedure is logically impeccable, 
9 although Plaget (1970, p. 37) is of the opinion that to define cardinal number 
and ordinal number in such a way is to introduce number into the definition of 
number. This opinion la based on the different type* of one-to-one correspon- 
dence identified in developmental theory — operational one-to-one correspondence 
assumes number. But, as already noted, Piaget's formulations lead to a 
genetic circularity among classes, relations, and number, a circularity of 
definition avoided in mathematics. Such a circularity does not inherently 
invalidate the results of developmental research on cardinal and ordinal 
number; but the question arises whether other theoretical analyses are possible 
for the same data, and, if so, would this alternate analysis lead ^o new 
empirical research 7 

Because lugi,al identity is an equivalence relation, there exists an 
accompanying difference relation "not identical to." This symmetrical 
difference relation seems to be, quite Important in classification, because 
if objects are classified together they share common p r operties, but they are 
also different one from the other, even if this difference is no more than 
their distinctness. Moreover, eyen if objectsare different one from the other, 
it does not necessarily follow that they are orderable on the basis of those 
differences.. To say that two objects are different only implies that a symmetri- 
cal relation exists between them. Surely a seal is different from a dolphin, 
but who would try to order a seal and a dolphin on that basis? It appears to me, 
then, that it is quite feasible for a child to view a class of objects as being 
equivalent in some aspects but yet different in others, where no order is^ 
necessarily implied in such a realization of differences.: "Because an excAlent 
possibility exists that logical identity is a developmental phenomenon, and 
because set equality is an example of logical identity, an excellent possibility 
exists that a four year old child, say, would not maintain the imparlance of 
class membership under spatial transformation of the elements, thus having 
formed only graphic collections; but an eight year old child, say, would main- 
tain class membership under the same spatial transformation simply because the 
concept of logical identity is an operational concept for the eight year old 
but not yet for the four year old. Why it is necessary for "number" to 
develop before operational classification is possible is not entirely clear.: 
logical identify being applied to the rearrangements of the members of a class 
of objects is quite analogoua to logical identity being applied to plant 
growth.. In either case it seems that recourse to number is not necessary. 
It would no* oe surprising if. at some point in time, logical identity was 
used by a child at» Justification for a numerical conservation. On the other 
hand, it also would not be surprising if logical identity was an earlier 
development than number, either cardinal or ordinal. That does not me n that 
< I consider logical identity as a necessary and sufficient condition for the 
psychological existence of cardinal and ordinal number. Nothing cot-Id be 
farther from the actual case.- It would be rather aurprislng, though, if a child 
had a well developed concept of both cardinal and ordinal number but not of 
logical id2ntity. 
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If one does not consider number to be necessary for operatory classifica- 
tion* how is one to account for the development of operational one-to-one 
correspondence? If a child sets up a qualitative one-to-one correspondence 
between two classes and one or both of the classes is rearranged, there is no 
hope that* the correspondence would be maintained without logical identity. 
Following Van Engen (1970, pp. 34-52), if a number (e.g., four) is regarded 
as a particular set in the memoer-of-a-class meaning, then logical identity is 
surely a logical prerequisite to number, but one-to-one correspondence is not.: 

One-to-one correspondence is a logical prerequisite, however J to the class 
meanings of cardinal number where one-to-one correspondence is taken as an 
equivalence relation.* An ordinal number can also have a member-of-a-class 
meaning in that it can be regarded as a particular ordered set, which implies 
the existence of a connected, strict, partial ordering.^ The class meaning, of 
course, involves one-to-one correspondence in the context of vset similarity.: 

Not only are developmental studies concerning the objects called cardinal 
number and ordinal number desirable, where the developmental studies take into 
consideration logical identity, classes, and relations, but such developmental 
studies, concerning addition, multiplication, subtraction, and division* are 
also necessary.. It should be clear that the Genevan theory concerning the 
development of number is not being rejected in the absence of developmental 
data concerning the foregoing conceptual framework dealing with cardinal 
number, ordinal number, relations, and classes.. Experiments ^need to be done, * 
however, designed so that Judgments can be made concerning viable theoretical 
interpretations of the data.- A priori decisions are not possible. 



Some Experiments 

Up' to this point the only thing offered in this paper is an analysis of 
developmental theory as it applies to developmental phenomena concerning 
relations, classes, and number and a suggestion of directions that research 
tan take in light of that analysis.: A good start has been made toward the 
collection of facts necessary to the construction of a theoretical position 
concerning the development of mathematical concepts.- These data are incomplete 
as they do not answer even the 4 questions posed in this paper, and at times ate 
directed toward answering questions other than those raised here.: While no 
apologies are offered for the present 6tate of existing data, it is only prudent 
to acknowledge the present state of data collection. With this acknowledge- 
ment in mind, two restricted series of otudies are discussed below. While 
considerably more data axists than 's presented, the two series are selected 
because they give quite different perspectives On closely related phenomena.. 

Con servation anM^rj^sitivlty — Stal us Data 

The first aeries of experiments involves a study of transitivity across 
relational tvpes (order and equivalence relations) and relational content 
(matching, length). T^ese studies are important to mention due to the 
centrality of transitivity as a criterion for psychological existence of a 
relation in developmental theory and to the importance of transitivity to 
equivalence and order relations and, ultimately, to number and measurement .< 
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, Divers (1970) conducted one of the first experiments in this series. 
The Subjects for his experiment were 49 kindergarten children, of whom 26 
were black, and 47 first grade children, of whom 27 were black.; The remain- 
ing children were Caucasian*. The age range for the kindergarteners was 65 
to 76 months with mean a^e 71 months, and the age range .for the first graders 
was 78-96 months with mean age 85 months. The relations dealt with were 
"same length as, 11 "longer than,' 1 and "shorter than" — ^wo order relations and 
*an equivalence relation.. The ascertainment of the influence of three contextual 
situations o^j transitive reasoning was of interest. It was felt that a situa- 
tion in vhich no apparent' perceptual conflict was present but in which the 
physical objects were actuary present would facilitate transitive reasoning 
to a greater extent than either of the two situations in which (a) the objects 
were not visually present and (b) the objects presented an obvious perceptual 
conflict. Moreover, it was predicted that children for whom evidence was 
present of conservation of the relations involved would be more likely to 
engage in transitive reasoning than would children for whom little or no 
evidence was present of such conservation. 

On the basis* of a preliminary knowledge 6f terms test, 35 per cent of 
the black kindergarteners and 7 per cent of the black first graders were 
eliminated from further study and 13 per cent of the Caucasian kinr 1 rgarteners 
and norm of the Caucasian first graders were eliminated from further study. 
These c.'ijdren were eliminated to decrease the possibility of falsely 
diagnosis children as not being able to engage in transitive reasoning. 
Two tests we're administered to the children remaining in the study, a conserva- 
tion of length relations test and a ^transitivity test. The conservation of 
length relations test consisted of nine items, three for each relation.- In 
any group of three items written for a relation, one involved a screened 
stimulus, one a conflictlve stimulus, and one a neutral stimulus. In any 
item, after the initial comparison and transformation took place, (that is, 
after the sticks were placed In their final position) three questions were 
asked of the child — one for each relation — so that a child tiad to know which 
relation still held after transformation, as well as which ones did not, In 
order to score an item correctly. A child was classified at a high level of 
conservation if he scored at least two items correctly for each relation, as 
a low conserver if there was not mo*e than one relation on which he scored two 
or more items correctly and a medium conserver otherwise. Table 1 contains the 
number of children within each of the conservation categories by grade. Th* 
table reflects the internal consistency reliability of .75 on the conservation 
test in" that substantial frequencies occurred in each category. The transitivit 
of length relations tent consisted of 27 items, nine for each relation., For 
each relation three of the nine items involved a neutral stimulus, three a 
conflictlve stimulus, and three a screened stimulus.; In case of the screened 
stimulus, the experimenter compared a red and blue stick after which the child 
was asked "Is the red stick the same length as (or longer than or shorter 
than, depending on the relation) the blue stick?" The red stick was then 
■covered with an opaque cloth. The same procedure was followed with the blue 
stick and a green stick after which the green stick was covered with an 
opaque cloth and the blue stick removed from the experimental setting. Three 
questions similar to the preceding question were then asked of the child to 
which he had to respond "yes" once and "no" twice in order to answer the 
item correctly.; For example, if the red and green stick were actually of 
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Table 1 m 



Number of Children by Grade and Conservation Level 













Conservation Level 




Grade 




High 


Medium 


Low 


K 




10 


10 


17 


1 




20 


14 


11 


Total 




30 


24 


28 



the same length, the child had to respond "yes" to the question "Is the 
red stick the same length as the green stick?" and 'W' o the two others 
in order to answer the item correctly. The transitivity test had a mean 
acore of 12.4, a standard deviation of 6.2 and an internal consistency 
reliability of .87, all computed on the responses of 82 children. 

The statistical design employed is called a mixed design (Kirk, 1968) 
with two between subject variables and two within subject variables.: The 
A NOVA computed on 60 randomly selected subjects from the 82 completing both 
tests is given in Table 2. Both between aubject variables wetfe significant 
as was the within subject variable "Stimulus Condition." No significant 
interactions were present. The mean scores for the between subject variables 
are presented in Table 3. Conservation level was a much at'ronger between 
subjects variable than was grade level, although aome overall improvement waa 
noted for the first graders over the kindergarteners. Because a child could 
obtain a sco»e of 11 -per cent based on chance responses, the meana reported in 
Table 3 aife spurious because they are not corrected for guessing. The only 
significant within subject variable was Stimulus Condition. The means for this 
variable are contained in Table 4. Essentially, no differences occurred between 
the screened and conflict ive stimulus, the variability thus occurring between 
the neutral stimulus and the two others. No differences were observed between 
the black and Caucasian children on either of the conservation of relations 
test or on the tranaitivity of relations test. 

The above experiment was essentially replicated (with modification) by 
Owens and Steffe (1972), using matching relations rather than length relations. 
The three matching relations were defined operationally for 51 Caucasian middle 
cla3s children enrolled in two denominational kindergartens in Athens, Georgia, 
rather than eliminate children frcm the study on the baais of a lack of « 
knowledge of terminology. Even after seven 20-30 minute instructional aessions, 
16 of the 51 children were not able to display adequate knowledge of terminology, 
These 16 children repeated selected activities after which aeven still did not 
display knowledge of terminology and were subsequently eliminated from further 
study. 
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Table 2 

A NOVA for Transitivity Scores 



Source of 








variation 


df 


MS 


F 


Between Subjects 








Grade Level (A) 


1 


12.15 


4.12* 


Conservation (C) 


2 


47.07 


15.96** 


AC 


2 


1.24 


< i - 


SubJ. W. Groups 


54 


2.95 




Wltbin Subjects 








Relations (B) 


2 


.87 


< 1 


AB 


2 


.12 


< 1 


CB 


4 


1.62 


1.22 


ACB 


4 


2.36 


1.77 


BXSubj., W. Groups 


lOfl 


1.33 




Stimuli (D) 


2 


8.98 


14.03** 


AD 


2 


,28 


< 1 


CD 


4 


■ 7f 


1.20 


ACD 


4 


.06 * 


< 1 


DXSubj. Groups 


108 


.64 





BD 4 ,91 1.82 

ABD 4 ,45 < 1 

BCD 8 .75 1.50 

ABCD 8 .40 < 1 

BDXSubj . W. Groups 216 > 50 

* (p< .05) 
** (p< .01) 



Table 3 

Mean Scores on Transitivity: Grade Level 
by Conservation Level (Nearest Percent) 



Conserva tion Level 

Grade High Medium Low Total 

K 67 .44 IU, 45 

1 71 _ 58 40 56 

Total 69 51 32 51 
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Tahfe 4 

Mean Scores for Stimulus Condition (Nearest Percent) 



Stimulus Neutral Screened Connective 

Mean 56 43 42 



A conservation of matching relations test was administered in conjunction 
with the knowledge of terms test and was used to classlfv children as high 
conservers and low conservers of matching relations. Si v items were constructed 
for each relation for a total of 18 test items.; All items involved^only the 
conflictive stimuli identified by Diver* (1970), The internal consistency 
reliability was .94 on the test.* This 1*1 to categorizing the children into 
two conservation categories — high and low. A child was classified as a high 
conserver provided he conserved the relation on four of the six items on each 
relation and as a low conserver otherwise. All children had scores above the 
criterion or appreciably below except one; his score was sliehtly below the 
criterion level.. This child and another child, who was of legal age to be 
in grade one, were eliminated from the data analysis; 21 boys and 21 girls were 
left as subjects. Twenty-seven were high conservers and 15 were low conservers.. 
Only kindergarten children were used in this experiment; in Divers (1^70) study 
age was not a strong between subjects variable. Conservation was used as a 
between subjects variable as were the three relations. Stimulus condition was 
used as a within subjects variable; six transitivity items were written for 
each stimulus condition.: Table 5 contains the analvsis of variance.. Since an 
interacticr occurred between conservation level (C) and relations (P), the main 



Table 5 



ANOVA to: Conservation Levels and Relations 



Source of Variation 


df 


MS 


F 




Conservation (C) 


1 


28.14 


11.14** 




Relation (R) 


2 


18.74 


8.64** 




CXR 


2 


14.22 


6.56* 




Subj . W. Groups 


36 


2.17 






Stimuli (S) 


2 


5.64 


5.26* 




exs 


2 


1.47 


1.37 




RXS 


4 


,42 


* 1 




CXRXS 


4 


1.56 


r.46 




CXSubj. W. Groups 


72 


1.07- 







* (p' .05) 
**(p < .01) 

(p < .05), Conservative Test 
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effects of C and R cannot be discussed per se . A Newman-Kuels post hoc test 
was performed on the simple effects of the CX» interaction to determine the 
source of variation.- Within the high conservation levels the mean of 77£ for • 
the relation "as aiany as" differed from the mean of 51* for the relation "more 
than" (p <.05) as well as from the mean of 462 for the relation "fewer than" 
(p * .05).- The only relation on which high and low conservers differed signifi- 
cantly (p < .05) was the equivalence relation "as manv as." In the case of the 
within subjects variable, Stimulus Condition, the means as percents were 59, 
51, and 47 for the neutral, screened, and conflictive stimulus, respectively. 
The neutral stimulus differed from both the screenec and conflictive, which 
did not differ statistically. 

As indicated by Beilin (1971, p. 88), it is important to explicate what 
constitutes the mechanism underlying conservation behaviot and distinguish it 
from an operational definition for conservation.. The same ' comments also 
pertain to transitivity. In the spirit of Piaget (1964, p. 42), who takes 
conservation to be a behavioral manifestation of the existence of a grouping 
structure, in the two experiments reported on (in part) above, it Was assumed 
that conservation of the relations involved would be a behavioral manifestation 
of the presence of the relational structures defined on sets of concrete 
material. In both studies, transitivity of three particular relations, one 
equivalence relation and two connected, strict, partial order relations, was 
operationalized and was also taken as psychological existence of the relational 
structures of interest— at least'the existence of the par' .cular relational 
structures. It was legitimate, then, to use conservation as a blocking 
variable, because those children who were high conservers also should have 
performed quite well on transitivity of the relations of interest. It was 
assumed that conservation and transitivity of the relations were Just reflections 
of the existence of relational structures of which transitivity was a part. 
Those children who were low conservers should also have done relatively poorly 
on transitivity of the relation for the same reason. Perfect relationships 
were not expected because, by necessity, the variables, conservation of 
relations and transitivity of relations, were given operational definitions 
(which were thought to be strong),. 

The variable Stimulus Condition was interesting because concrete operations 
are taken to mean that a child can think in a logically coherent manner about 
objects that do exist and actions that are possible either with objects or in 
the immediate absence of objects. Hence, for children who were categorized as 
high conservers, the screened stimulus should have presented no more diffi- 
culties for the children in transitive reasoning than wouJd the neutral s*4ffulus , 
where the objects were present.. In fact, the screened stimulus should have*— 
forced the child to focus on the only information avaii*ble--the two hypotheses., 
^ It was anticipated that the conflictive stimulus would present special diffi- 
culties because children would be more apt to reason using nontransit ive 
hypotheses,. For those children in the low category nf conservation, Stimulus 
Condition should not have been significant, for such children theoretically 
should not be in possession of a genetic relational structure. 

f 

In the case of Divers (1970) data, Conservation was highly significant and 
did not Interact with any other variable.. So, for the length relations, no 
statistical contradiction was present that conservation could be considered 
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as a behavioral manifestation for psychological existence of relational 
structures Insofar as transitivity goes. Of course, exact relationships were 
not obtaAed— only statistical relationships. But the statistical relationships 
were indeed strong and, in my Judgment, were within tolerance of an operational 
definition of the variables of concern. Divers (1970, p.73) constructed 
contingency tables from which more exact relationships between conservation 
arid transitivity could be ascertained.. Only 1* of 94 responses were categorized 
as being nonconservstion responses but ss be<ng slso successful trsnsitive 
responses. Of these responses, only one child showed no evidence at all of 
being a conserver. The others did, display conservetion in some cases. There 
jiere children, however, who displayed no svidence of being sble to engage in 
transitive reasoning but were cstegorized as high conserved. So, conservation 
of length relations cannot be said to be s necessary snd sufficient condition 
for transitivity of length relstions, but only s necessary condition. It would 
.seem, then, that conservation of relations can appear before symptoms of s 
relational structure can be found, but once such a symptso is found (trsnsit ivity) , 
conservation is almost certain to follow. It is the case, then, thst a good 
possibility exists that transitivity of length relations is a sufficient 
condition for conservation of length relations, which does not contrsdict the 
theoretlcsl assumption that once a relational structure becomes operetional 
for a child, conservstlon should be present. In the case of length relations, 
however, conservation may appear before transitivity. 

4 

Even though StiouluS Condition was significant in favor of the neutral 
stimulus, the variable was not strong enough to warrant any serious theore- 
tical speculation; however, children do engage in transitive reeaoning in the 
Immediate absence of concrete objects to the same extent that they engage 
in transitive rflsoning In the presence of perceptual conflict. That slightly 
greater mean scSes were observed for the neutral stimulus thsn for the two 
other stimulus conditions only suggests that children obtained cues from the 
neutral stimuli which they did not obtain from the two other stimulus conditions. 
The evidence was against the hypothesis that children engaged in solution^ 
nontranaitive hypotheaes In the case of the neutral stimulus; a tvo~by~two 
contingency table constructed (using conservation by transitivity) for each 
stimulus condition did/not contradict the hypothesis that transitivity of 
length relations is sufficient for conservation of length relations for any 
stimulus condition* 

Horizontal differentials are well accepted for developmental data (Loyell, 
1972 p. 169). The above two studies suggest that development of transitivity 
of order relations, in the. case of matching relationa, lags behind the analogous 
development for length relstions. This expectation is in contrast to the 
results reported by Sinclair (1971, p.153) that length is a later achievement 
than number, lagging six months to a year in development. Conservation of 
length lags even farther behind conservation of number— two to three years 
(Sinclair, 1971, p. 153), Sinclair rightly considered length ss a product of 
measurement so that no contradiction is necesssrily present concerning 
achievement of length and matching relations and of length and number, as 
reported by Sinclair. 

Because the samples were different in the above two studies, the observed 
time lag was only suggestive. Data from two different studies (Steffe and 
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Carey, 1972; Owena, 1972) confirmed that no such lag existed in transitivity 
in either an sll caucaaian, middle to upper clase, kindergarten sample or in 
an eaaentially all black kindergarten and firat grdde sample. In the case of 
conservation of matching and length relatione , conaervation of length seemed 
to precede conaervation of matching, but the trend was not strong enough to 
be of any conaequenca. One la forced to conclude, then, for firat grade and 
kindergarten chiidien, length Relatione and matching relations develop in 
about the aame way A but in most esses, one csnnot infer the presence of one 
from tha presence of the other. 

Although the dsts of the above four experiments did not shed light on a 
parsimonioua model for sctive intellectual operations concerned with matching 
and length relatione, diaparitiea were obaerved between theoretical analysis 
of conaervation of relatione and of relational structures; esses existed where 
children were classified as hi^h conservers, although no evidence wsa present 
that they could use the transitive property. There should be no question 
concerning my theoretical interpretation of the relation between conaervation 
and transitivity. Pisget (1964b) has related "without the grouping there could 
ba no conaervation... M (p. 42). Smedslund (1963) has also found children who 
paaa conaervation tests and fail transitivity tests concerning length 
relstions; so the phenomenon is not particular to our way of operat ionalizing 
the conatructa. The data do raiae queations concerning necessary mechaniams 
underlying conaervation of length and matching relatione and lend some 
credibility to problems brought out in earlier analyses of application of the 
grouping atructure to equivalence and connected strict partial order relationa. 

ttiltlple, Clasaification and Relatione 

Up to thia point, the data have been status data regarding conservation 
of relationa and tranaitivity of relationa across relational types (equiva- 
lence and order) and relational content (matching and length) for kindergarten 
and first grade aamplea only. Three experiemnta have been done — each involving 
multiple classea or relationa in aome way. Theae experimenta are mentioned 
because of certsln contraats they present in the development of multiple 
claaaificationa and relatione. The first expeiiment of the three wss done by 
David C. Johnson (1971). He conatructed 18 itema, six 3 x 3 matrix items, six 
2x2 matrix itma, and six interaecting ring itema. These items contained no 
apeclal mathematical content. The content ca n be claasified aa perceptible in 
the aanae of Olver and HornaDy (1966). In the matrix itema, the child w*c 
inatructed to aelect, from four poasible choices, the object which would go in 
the one cell left empty (which was slwaya a corner cell). The experimenter firat 
focuaed the child f a attention on the matrix by aaying "look at all the things 
here. They form a pattern." The experimenter then pointed to the empty cell 
and aald, "The thing that waa s^poaed to be right here was left out." The 
experimenter then pointed to the four choicea and said, "One of theae things 
ia supposed to be here.- Which one ia the one left out?" Three of the 3 x 3 
matrix itema involved multiple claaaif ication only (ahape by color) and three 
involved a relation and classification (bigger than by shape, bigger than by 
color, and more than by color). The latter three itema each involved a partial 
order relation, whereas the former three involved only equivalence relatione.^ 
The alx 2x2 matrix itema were strictly analogoue to the 3x3 matrix items. 
In each interaecting ring item, each of the two intersecting rings contained 
two objects and the child waa instructed to find which of four objects 




belcngeJ in the intersecting region. For example, one ring contained a red 
and a veil*'* t^rcjlar region and the other a blue square region a~ J blue 
triangular region, lo be correct, the child had to choose a blue circular 
region for the intersection from the choices of a blue circular region, a red 
circular region, a blue square region, and a green triangular region. Notice 
each detractor possesses something in common wL£h some object in one of the 
rings, 

Jwnrson cruse Kindergarten and first grade children tor his stud>, where 
tie children had a chronological age (CA) either in the interval (6A-76) or 
(*:-d9j months and an IQ in the intervals (80-100) or (105-125).; The two 
variables CA an^ IQ wpre used as classification variables; 20 children were 
in earn ot tne four defined categories. These children were randomly assigned 
:o a treatment or control group where the treatment consisted of experiences 
iv. classification.: The treatment lasted 17 consecutive school days for 25 
■rimtes per school day. The treatment for the control children consisted of 
r-,guiar school instruction. The treatment did not involve multiple classifi- 
cation .^r relational activities per se f except for an intersection activity. 
Results of tne xNOVA's run are summarized in Table 6. The mean scored for the 
TM interact iop are presented in Table 7. It was*apparent that while the 
higner 10 children profited more from the treatment Chan the low IQ children, 
S.th groups profited, While such a result is educationally significant, its 
povrnologitdl significance is blurred by two factors. First, evidence was 
present that the control children regarded the overlapping region of the two 
rings as forming a distinct region separated from the two uriginal rinas. 

Table 6 
F-values for A NOVA 1 s 



j^. Intersecting 

v.riJtiT 3 x 3 Matrix 2 x 2 Matrix Rings 



J i 



8.25** 5.11* 38. 84** 

'* 1 < 1 < 1 

; 26 A.A5* A. 69* 

< l ^ 2.07 

2 V) 2.6A 6.65* 

, 1 < 1 1.09 
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Tne second concerns tne type of content o £ the it ess. The lean scores fo. 
the ratrix iters are preserted in Table 8. .Because direct instructicn -Ub 
net given cn ratrix iter.s t ^ it was encouraging t>-at so T^ch apparent i--rove«%rt 



Table S 
w *?ar Scores:. w atrix Ite-* 



T 


* \ 5 


Matrix 


: x 2 


Matrix 


io\ 










Ex 




£\ 


Con 


High 




•+ 5 


f c 




Lev 


52 


-3 


4 2 


1 7 



could be attributed to tne trcirent, especially due to t;:e v»-s? arra\ of 
pictorial data children ar e subjected to in w a*-heTatics instruction in >.r.e 
tirst two graces. In anv event, tne experiren; was educational!;, slg-.xf i, art. 
tor tr.e ratrix iters. Pecius* Piaget 'i'***) r.akes such a distinctly !;vtw-»en 
pnybital ^ncwledne ana logical -atr.eciticai knew ledge, the apparent *?.pr .^vet^ent 
rot. I J bv questioned berause the itexs required ralnly physical knot Ip.j^p ror 
their solution. Conseq lertly, the cognitive sitmture of the chiidret- 
not nave been altered, but rather theiY discriminatory powers pert<Unir f ~ ;i> 
pnyslcal characteristics of the objects of tne iter.s nay have been irr^nv,..* . 
Such a pobsibilitv was heightened by tr.e results of a c lass- inclus ion test 
a. so adninistered by D, Johnson (LTD. No differences were detected it i 
this test between the experimental group and the control group; and gen?taii. 
low nean scores were cbtairerf (\f*e cr-axi 40 percent was the greatest ,ean 
score ootained for any griup) 
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In light of the results of the above experiment (which is only partially 
reported), Martin L, Johnsor U971) chose quite different content for an 
experiment involving matrix items. He constructed six items, which in my 
estimation required logical mathematical knowledge for solution to a greater 
extent than did D. Johnson's. The item layouts vere deceptively simple. Two 
of the items involved the partial ordering "shorter than or just as long as 
and "fewer tnan or just as many as." discussed earlier under the auspices of 
Grouping VIII. One, ol these items was a 2 x 2 matrix item and the other a 
3 x 3 matrix item.- The layouts of these items are given in Figure 3. The 
child was asked, of course, to complete the matrices. In the remaining four 
itwns, only bin*ie sticks were placed in each cell so no recourse to numerosity 



Figure 3 

Iter 1 ltem_±_ 



\\ - Three inch sticks I I !!l * Three inch sticks 

♦ Four inch sticks j Ij ll| - Four inch sticks 



i i ; +• Five inch sticks 

i , < 



or relations thereof was necessary. The ordering was 'shorter than or just 
as long as"; in these cases a connected ?~:tial ordering. The four item 
layouts were as depicted in Figure 7h; orlering proceeded from a corner 
cell with sticks on some diagonals boing of the same length. The strategies 
used by children to complete the matrix Jayo-jtA could vary. 

The subjects fot the study were 72 cM;dn.n, 2^ kindergarten, 24 t'vr 
graders, and 24 second graders. Twelve of ea.h werr rs^ly assignee to an 
experimental group and twelve to a control group. The cMldren m the experi- 
mental group were given 13 instructional sessions, each abou< 20 minutes in 
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duration, with the following activities being covered. Experiences were 
provided (a) in making comparisons between objects and developing a strategy 
for determining the length relation that holds between any two lir ar objects, 
(b) in classifying linear objects on the basis of the equivalence i elation 
"as long as", (c) in seriating linear objects from longest to shortest using 
an operational procedure consistent with Piaget's stage three seriation 
behavior, (d) in combining classification and seriation, and (e) in multiple 
seriation. The children in the control group received instr* .Lion in the 
context of the regular classroom. After the above experiences, the following 
mean scores on the* six matrix items were obtained. These means are quite low 
and hardly exceed chance responses. The item difficulties range from -.14 to 
.26, the most difficult being item 1 and tne least difficult, item 4. 

Table 9- 
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27 
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A3 already indicated, a viable hypothesis for the disparity of the data 
on the matrix items of the above two studies is the type Gf knowledge required 
for item solution. The items were structurally close enough so that one would 
expect fairly consistent performance, other factors being held constant. 
Because children performed so poorly on the matrix items requiring logical 
mathematical knowledge for solution, an immediate question arose concerning 
children's measurement behavior involving polygonal paths, because the content 
of polygonal paths is so close to that of matrix items constructed by M. 
Johnson. Not only -was there a question concerning children's measurement 
behavior involving polygonal paths, but also concerning whether partial orderings 
are viable candidates for models of genetic structures — especially for length 
relations and for children in the age range of 5-8 years. 

It is possible for children to compare the length of two polygonal paths 
uy knowing how many segments are in each path and the relation between any two 
segments, one from each path if the segments of each path are homogeneous 
with r-aspect to lengths Under the latter condition, four logical possibilities 
exist; the aegments of one path are longer than the segments of the other but 
equal in number, the segments of both paths are equal in length but unequal in 
number, the segments of one path are longer th'an the segments of the other but 
fewer in number, and the segments of both paths are equal in length and number. 
In the first two cases, one segment is longer than the other, in tne third case 
no comparison is possible based on the information given, and in the fourth 
case, both paths are of the same length. Terry Bailey (1973) administered 
four tasks, one of each of the above types to 40 first, 40 second, and 40 third 
grade children who were randomly selected from a larger population of lower 
middle class to middle class children in April and May of 1972. Of these 120 
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children, conclusive evidence was present that only four children could 
establish the length relation between t-wo polygonal paths, and these four 
children were all third graders. Conservative criteria were employed to 
classify a child as being able to establish a length relation between two 
paths (explanations had to be given using both number and length relations),. 
Even so, the thj.rd graders were late eight year olds or early nine year olds, 
so that the relational structures (genetic) so necessary for solution of 
the problems should have been manifested in more than 10 percent or the 
third graders. The data, however, is consistent with that of M, Jormson's. 
Bailey f s and M. Johnson's data, coupled with that of Carpenter (1972) are 
serious enough in consequence to warrant mounting a massive set of develop- 
mental and experimental studies concerning measurement processes of elementary 
school children. 



Final Comments 

Data exist other than those discussed above.- This data were collected 
in etudies with two overriding purposes. The first was ascertainment of 
convergence of logical thinking and the second was ascer tainmept of structural 
aspects of logical thought under controlled experimental conditions—that is, 
would one observe the same structural aspecrs of logical thinking after 
intervention of planned experiences as one would observe in the absence of 
such planned intervention? The results of the data obtained to this point 
(Owens, 1972; D. Johnsor., 1971; M. Johnson, 1971; Steffe and Carey, 1972;' 
Lesh, 1971), while not without contradictions, suggest that one can observe 
radically different interrelationships after intervention of planned experiences 
than would be the case without such intervention.- Thes»e data and future 
similar data are quite important in view of similarities hypothesized by 
Piaget (1966, pp 187-89) to exist between mathematical structures and 
genetic structures. 
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APPENDIX i 

Some Mathematical Structures 

Cardinal Number ' 

Hausdorff (1962), in his classic work Set Theory , commented that "this 
formal explanation says what the cardinal numbers are supposed to do, not 
what they are... ye mi'*t leave the determination of the 'essence 1 of . 
cardinal number to philosophy (pp. 28-29) Although Hausdorff's point 
of view is consistent with modern postulational developments in mathematics, 
it does not lessen the importance of his work on cardinal (and ordinal) 
number for research on acquisition of mathematical knowledge* For the 
structures which characterize the mathematical knowledge the child is 
asked to acquire seldom, if ever, correspond exactly in form to structural 
aspects of the child*s natural thought. It is truely the case that. Hausdorff 
is not concerned with the nature of cardinal (and ordinal) number and leaves 
the determination of their "essence" to philosophy, and ultimately to 
psychology °as well. Not only is there a difference in the way in which 
the objects called cardinal and ordinal numbers are viewed in mathematical 
structures as discussed by Hausdorff and in genetic structures as discussed 
by Piaget* but there are formal differences in the structures and these 
differences are profound. 

* In the following exposition, only "naive" set theory is dealt with. 

In this theory, such constructions as "the set of all cardinal numbers" 
lead to antimonies* For a theorem is provable which leads to an unbounded 
sequence of cardinal numbers — which means that for any set of cardinal 
numbers, there is still a greater one. Consequently, "the set of all 
cardinal numbers" is not conceivable even though it would appear to be 
so. In axiomatic treatment of set theory, these obvious contradictions 
have been removed (Kelly, 1955, pp. 250-81). As the theory does not 
allow for unlimited construction of sets — the object {x * x is a cardinal 
number} and fx * x is an ordinal number) are not sets.* A distinction 
is made between a class and a set in that a class Is undefined, whereas 
a set is a class which is a member of another class. That is, a class x 
Is a set if and only if there is a class y so that x Is a member of y. 
Using this special restriction, cardinal and ordinal numbers are defined 
to be sets of a special kind. Rather than follow this axiomatic treatment 
of the development of cardinal and ordinal number, the treatment of "nalv»" 
sec theory given by Hausdorff is adhered to because of its intuitive appeal. 

Ordered Systems 

During subsequent discussion, occasion arises to employ general ordered 
systems, the basic concept of which is that of a partially ordered set. By 
definition, a relation < defined in a given set P partially orders P if it 
is both transitive and antisymmetric. The relation*' is (a) transitive In P 
if whenever x, y, z are in P and x<y and y<z, then x< z; and (b) anti- 
symmetric in P if whenever x and y are in P and x < y and y * x, then x • y. 
In the latter definition, equality is taken in the sense of logical identity- 
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A ready example of a partially ordered set is the set of subsets P(X) of a 
given set X ordered by the set inclusion relation "C." The set inclusion 
relation has the additional property of reflexivity (for each set A, AC A) 
but does not have the property of being connected in P(X) (i.e., for any two 
sets A and B of P(X), it is not necessarily true that A C B or B C A) . 

If P is a partially ordered set and E a subset of P, then an element x 
of P is" called an upper bound for E if for every e€E, e < x. An element 
x»is the least upper bound for E if for any other upper bound y€ P, x. < y. 
Analogous definitions can be givey for lower bounds and the greatest lower, 
bound of E. A lattice is a partially ordered set L for which every two element 
subset (x,y) of U has a least upper bound and a greatest lower bound. 
Examples of lattices are P(X) ordered by set inclusion and the positive 
integers ordered by H a divides b. ff The least upper bound of any two sets A 
and B of P(X) is AUB and the greatest lower bound is AflB; and the least upper 
bound of any two positive integers is their greatest common divisor and the 
greatest lower bound is their least common multiple. 

A chain in a partially ordered set P is a subset C of P in which < is 
connected (that is, a subset C where if x, y * C, x < y or y < x) . Any such 
subset C of P is partially ordered by < and is a lattice as w^ll as a chain. 
The set of natural numbers ordered by < is an example of a chain. It is 
important to note that < is transitive and asymmetric (if x < y, then y { x) . 
Yet, it is a partial ordering because the antisymmetric property is satisfied 
vacuously, • 

Relations of equivalence also exist as well as relations of order. By 
definition, a relation R defined in a set X is an equivalence relation if R 
is reflexive, symmetric, and transitive. Set equivalence is a ready example 
of an equivalence relation as are the congruence relation for polnc sets and 
set similarity. 

Cardinal Number 

Hausdorff (1962) assigns objects, called cardinal numbers, to sets in such 
a way that if object e corresponds to set A and object b corresponds to set B, 
a - b if and onh if A is equivalent to B. It is important to note that the 



set A to which cardinal number a is assigned *»ay or may not ba an ordered 
set. ^o cardinal numbers may* be compared by comparing the sets to which they 
are assigned.; a < b means that A^B^ where B^cB. It may be that A • B^ in 
which case ACB. Subleties exist concerning comparison of any two cardinal 
numbers in that it is, in fact, true that the comparability of any two cardinal 
numbers relies on Zermelo's well-ordering theorem, which states that any set 
can be well-ordered. This theorem is necessary (in Hausdorff's development) 
to show that there do not exist two incomparable sets, i.e., that it is never 
the case that there exist no A^ and no B^ so that Aj^»B and B^A. ; 

The sum and product of cardinal numbers determine their arithmetic. 
"The sura a + b of two cardinal numbers is the cardinality of the set theoretic 
sum AUB*, where A and B are any two disjoint sets having the cardinalities 
a and b respectively (Hausdorff p. 3^)," Tula definition is justified because 

* has been substituted for "+". 
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if A^-C and'B^D where D and C are disjoint, then C UD^AL/B, so that the 
cardinality of CUD is equal to that of A^B. 

The product of two cardinal numbers a and b is defined as follows. "The 
product ab of two cardinal numbers is the cardinality of the set theoretic 
product A x B, where A and B are any two sets with cardinalities a and b 
respectively (Hausdorff, p. 35)." The product of a and b is invariant of the 
particular choice of the sets A and B just as was the sum except that in the 
sum, A and B had to be disjoint. That is, if A~C and B^D, then A x B^C x D, 
so that the cardinality of C x D is equal to that uf A x B. The commutative, 
associative, and distributive laws hold for the processes just defined, and 
depend directly on the commutative, associative, and distributive laws for* 
set operations. 

Ordinal Number 

Just as set equivalence is a basic notion for cardinal number, set similarity 
is a basic concept for ordinal numbers. For clarity, the order relations die- 
cussed below are asymmetric and transitive (strict partial orderings) as well 
as being connected, which means that any two elements are related. Two ordered 
sets are called similar if there exists a one-to-qne correspondence between 
their elements that preserves order. That is, if a,b^A and c,d€ B where 
a4r->c and b*>d, and if a < b, then c <'d, where < and <' are the orderings in 
A and B, respectively. In symbols, "A is similar to B H is denoted by "A * B." 
Set similarity is an equivalence r ation just as is set equivalence. 

As mentioned earlier, Zerrelo's well-ordering theorem states that any set 
may be well-ordered. A set A being well-ordered by a relation < means that any 
subset Ai of A has a first element (an element a© such that a 0 < x for any x in 
A,). Hausaorff (1962, p. 51) assigns order types to ordered sets in such a way 
that similar sets, .and only similar seta, have the same order type assigned* 
In symbols, r - 8 means R * S. If a set is well-ordered, then its order-type 
is called an ordinal number. 

In general, the arithmetic of order types is not isomorphic to the 
arithmetic of cardinal numbers.: For if A and b are disjoint ordered sets, then 
the set^ theoretic sum of A and B (A + B) is a new ordered set such that the 
order of the elements of A is retained, the order of the element* of B i6 
retained, and every a £A precedes every b £ B. If a is the order type of A, 
b the order type of B, then a + b is the order type of A + B. That a + b i b + a 
in general can be seen by the following example. Let A « { 1 , 2, 3, . . . ,n} and 
B-{n+l, n+2,.*.L The order type of A is n, the order type of B is 
u>, and of A + B is n + u or w(« is the order type of the natural numbers). 
But the oftier type of B + A is o> + n which is not w because 8 + A - 

{n + 1, n + 2 1,2, • • . ,n) contains a last element (A t B does not).. 

So co + n J* n + w. Because n and u) are ordinal numbers and, in general, the 
sum of two ordinal numbers is not commutative, the arithmetic of ordinal 
numbers is not isomorphic to the arithmetic of cardinal numbers. Nevertheless, 
two sets with the same ordinal number necessarily possess the same cardinal 
number . 
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As pointed out earlier, a set A which is ordered by an order relation 
which is connected, asymmetric, and transitive satisfies the conditions for 
a chain. In particular, if A is well-ordered by <, A is a chain. An 
intuitive example of a chain important to subsequent discussion is as follows: 
Let A be a well-ordered set. Then A has a first element, say a Q ; A - (a } 
has a first element, say a^; A - {aQ,a^} has a first element, say a2; etc., so 
that A » {aQ.a^.a^a^, . . . } . The notation used here is that the index of 
every element is the ordinal number of the set of elements preceding it.; For 
33, "3" is the ordinal number of {ag^i^h which is called a segment of A 
determined by "a. M I n more general terms, each element a of A determines 
some segment P where P » (x t A: x<a}. : If Q « {x £ A: x^P}, then A ■ P + Q< 
Note that a £ P because < is irreflexive, so a is the first element of Q. A 
result of this definition is that a well-ordered set is never similar to one of 
its segments, which leads to the fact that for any two ordinal numbers a and 
b, either a < b, b<a, or else a « b In particular, a<b means that A is 
similar to a segment of B. Of course, it it were possible for B to be similar 
to one of its segments, then it would be true that a « b as well as a < b. : 

As indicated above, the eleventh of a set A which is well ordered can be 
Indexed by successive ordinal numbers. This assertion can be shown more 
definitely without difficulty. Just let 0(a) * (ordinal numbers 8 such that 
8 < a}. 0(a) can be represented as {C, 1 , 2, 3, . . . ,a, . . . } where 0 < a (Hausdorff,* 
1962, p. 70). Moreover, if A is a well-ordered set of type a, then it is 
possible to represent A as {a 0 ,a. ,a 2 , . . . ,a . . . } where 0 < a and a is the ordinal- 
ity of A and the index of each element of A is just the ordinal number of the 
segment belonging to it.- If A is a finite set, then A » (a()» a l» a 2» * * * ,a n -l ^ 
and n is the ordinality of A where 0 is the ordinality of the empty set.. 
Because any ordering of a finite set is a well-ordering, it is impossible to 
distinguish the orderings with reference to the ordinal number of the set; 
i.e., all orderings give the sarre ordinal number. Thereby, the ordinal and 
cardinal numbers of finite sets correspond, and it is possible to find the 
cardinal number of a set by a process of counting, that is, by indexing the 
elements of the set A by the ordinal numbers (0,1,2, ... ,n-l } by virtue of 
successive selection of single elements. (Select some aQ, then some a^, etc., 
until the last one a n _^ Is selected.) Then n is called the cardinal number 
of the set. This process is often referred to as rational counting. 

The notion of equivalence clas cr of finite sets is implicit lit the above 
discussion because 5 is an equivalt e relation. This observation has led cO 
the definition of an ordinal number as an equivalence class of well-ordered 
sets and a cardinal number as an equivalence class of sets without regard to 
order (Barnes, 1963, p,194). The set ( 0, 1, 2, . . . ,n-l ) of cardinality (and 
ordinality) n can be considered as the standard set of an equivalence class 
of sets each of cardinality It must be explicitly pointed out that the 
arithmetics of cardinal numbers and ordinal nun.bers of finite sets are, in 
fact, isomorphic.: 

To view a cardinal number as a class of sets should be no more foreign 
to mathematics educators than to view the objects of a finite field formed 
by the Integers modulo a prime as classes of sets. Of course, to tell a five 
year old child that a number is an equivalence class of sets is absurd. The 
identification of a number as a set of objects, however, is a natural way 
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to think about cardinal and ordinal number. In the well-known "empty hat" 
(Van Engen, 1970, pp. 38-39) approach to cardinal number, 'K) ,f is defined to 
be the empty set, "1" is defined to be the set containing 0 as an element, 
etc. More formally, 0 - 0; 1 - (0); 2 - {0,1}; 3 - (0,1,2); A - {0,1,2,3); ...; 
n - {0,1,2, ...,n-l). This approach relies on the representation of 0(a) as 

{0,1,2,3 ), such that o < a, already discussed and made possible 

through the well-ordering theor of Zermelo. Thus, "4" is the ordinal number 
of the segment {0,1,2,3) and is identified with the segment itself. Because 
cardinal and ordinal numbers are indistinguishable, it is also the cardinal 
number of the set., 

Concretely, if A is a finite set to be counted, then by successive selec- 
tion of elements, successive segments of set A are determined and a chain of 
ordered sets is formed. "One," in the selection of the first element has both 
cardinal and ordinal characteristics in that "one" tells how many elements 
have been selected and also that the first one has been selected. A subset 
of the collection A of one element has also been determined. "Two 1 in the 
selection of the next element also has both cardinal and ordinal characteris- 
tics in that "two" tells how many elements have been selected and also that the 
second one has been selected. The segment corresponding to "two" is an ordered 
set, is a subset of the collection A, and contains the set consisting of the 
first element. * It is ordered by the relation "precedes," which is transitive 
and asymmetrical (and is thereby a strict partial ordering). If this 
counting process Is continued until A is exhausted, then A * {a^,a 2 • • . . , a n ) 
has been well-ordered by the relation "precedes." A chain of sets has been 
established in that if A : - {a 1 ) f A 2 - {a 1( a 2 ), etc., then A 1 CA 2 C...CA || . 
In this sense, one can say that one is included in two, two is included in 
three, etc. If A is counted in a different way, A - {a 1 *,a2*,a 3 *, . . . ,a R *) . 
It oust be noted that while a A * may not be the same element as a^, nevertheless 
a A * is the ith element and also the cardinal number of A A * - {a 1 *,a 2 *, . . • ,a 1 *) 
where i < n. While A^ and A^ are similar (and therefore equivalent), they 
are not necessarily equal sets. 
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Futurc Research In Mathematics Education:* The View from 
Developmental Psychology 4 



Harry Bellln 
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Predlctlona of the future that go beyond extrapolations of the present 
are characteristically products of fantasy ur!b Imagination. I will confine 
my prognostications to delineating features of contemporary research In 
mathematics education, Indicating how tome current research does not deal 
adequately with the problems being addressed and will suggest alternatives 
that may be the basis for future research. 

In assessing the present and future of mathematics educstlon I would 
hold that any educational program that Ignores svallable knowledge of the 
child's Intellectual development Is likely to be only partlslly successful. 
This assertion rests on the assumption that mathematics 1 learning as a type 
of cognitive learning Is under the control of the child's developing cognitive 
capacities.. The source of this thesis is principally, although not exclusively, 
the work of Jean Plaget. » 

Plaget and Mathematical Education 

Plaget 's theory it having considerable Impact upon research In mathe- 
matics education and will probably continue to, slthough other psychological 
developments will become increasingly Important even In the near future. 
For the present, Piagetlan research has been far from fully explored and the 
application of the theory to educational practice is still in its infancy., 

Plaget 'a views of education, and mathematical education in oarticular 
(Plaget, 1972), ere based upon the following assumpt ions 

1. Learning Is under the control of tht child's development and not the 
reverse. That Is, experience alone is not sufficient for learning; it 
requires an organism whose cognitive structures are of • level of development 
thst will enable the products of experience to b* Integrated with them.. 

2. Logico-mathematlca 1 structures are spontaneously and grsdually con- 
structed aa the child develops. These structures are considered by Plaget to 
have a natural relation to those of modern mathematics and knowledge cf theae 
relationships is felt to be a necessary condition for the teacher to foster 
creative learning. 

3. The origin of mathematical thought is in the actions of the child 
and not In his language. 

Each of these assumptions will be considered in light of the research 
problems th^y raise as well as other developments lr psychology thst have a 
bearing upon *he same Issues. 



Presented at the •'Cognitive Psychology and the Mathematics Laboratory" 
Symposium at Th* School of Pducstion, Northwestern University, February, 1973., 
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1. Mathematics 1 learning ind development . 

Until quite recently, the scquisition snd development of ma^t hematic si 
■kllli snd concept! was considered to be ■ problem for the psychology of 
learning and problem solving. In the view of empiricist psychologists these 
concepts wtrt scquired through the manipulation of externsl sources of 
stlsulstlon and reward. The product! of iuch external control combine 
internally in ■ aimpls or complex sssoclstion under the impetus of some 
for« of motivation. Gestalt psychologists have traditicmslly considered the 
■erne processes to be fundamental forme of reasoning and thought, acquired 
according to the lavs that or?anire the processes of perception. 

1 

Both empiricist and gestslt psychologists hsve shsred the belief thst 
the origin of knowledge Is in perceptusl snd sensory processes. Experience, 
for the empiricist, i< the critical element in learning, while for the N 
gestsltist, orgsniration derived from the biologicsl properties of the \^ 
organlaa sccounts for chsnge resulting from experience.: 

With Pisget, the elements of both empiricist snd gestalt viewa integrste 
in a theory bssed upon the autoregulstion of development, by virtue of which 
active experience snd intemsl orgsnitstion provide the msterisls out of 
which intellectusl structures sre constructed. The scquisition of knowledge 
becomes. possible only ss the developing intellectual system ensbles the 
sctlve experience of the child to become sssimilsted to it. Experience it- 
self does not ensure learning. The theory holds thst the defined course of 
development controls Iesming, that is, Iesming does not occur except ss s 
function of the state of the organiaa. The stste of the organism, in turn, 
is eatsblished by s relstively fixed sequence of stsges through which the 
child progresses ss he moves towsrd full intellectusl competence. 

Pisget snd his colleagues (Tnhelder snd Sinclsir, 1969) provide evidence 
for th* clsim thst the stste of the child's development sffects whst he is 
cspsble of acquiring through experience, in s number of experierants in which 
children st different cognitive levels were trained with the same tssks. 
Crest difficulty in Iesming is reported for children who hsd not resched s 
defined cognitive level. While studies designed to trsin children st differ- 
ent sges with the same tasks hsve beer limited, there have been a number of 
sttempts with both Pisgetisn tasks (Beilln snd Frsnklin, 1962), -..d non- 
Piigetlsn learning tssks (Gollin, 1965). The results of these studies sup- 
port s developmentsl conception of Iesming. 

A lsrge number of other studies thst set out to eetsblish thst logicsl 
■nd mtthemsticsl concepts sre trsinsble have not closed the question ss to 
whether Iesming csn occur st sges p/ior to the development of particulsr 
faciiitsting developmentsl stages (Beilin, 1971). An snswer to the question 
requires sn experimental procedure that unequivocally tests a psrticulsr 
reasoning process st sn sge when one could sssume thst some elements of thst 
process hsd not been acquired apontaneously or nsturslly. A few experimentsl 
■todies hsve been conducted with very young children (about 4 yesrs of sge) 
that critically embsrrsss Piageti«n theory on this issue. The Bryant 
■nd Trsbssso (1972) study on early trsnsitive inferences is one such instance, 
but the queation sppesrs to be far from settled^ 
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a. Stages in development 

Claims for the developmental control of learning have been questioned 
in various ways. One persistent source of difficulty is the theory of 
stages, which has been under attack for at least four decades. Suppes 
(1972) has added his voice to the chorus, reiterating the view that the 
idea of stages is toe uncritically accepted, that the concept at least as 
proposed by Piaget is too imprecise, and that only detailed experimentation 
and quantitative test will determine whether the existence of stages should 
be accepted as fact.. 

Suppes defines the -entral issue as that of differentiating stages from 
continuous development.. I iaget dees not deny that development is continuous^ 
He points out, in fact, that whether development is continuous or discontin- 
uous depends upon the scale that one uses to measure behavior.. Suppes seem- 
ingly rejects Piaget's argument, but then uses it himself. H° says, "The 
problem is to find out for the given scale at which experimentation is con- 
ducted whether the process is all-or-none or incremental, and whether there 
are mic roscales, foe example, at which the process is continuous even if the 
data indicate all-or none learning at the ordinary scale of experimentation.." 
Piaget couldn't agree more with that statement since it presents no problem 
for stage theory, in fact., it supports the view that there may be contrasting 
data concerning continuit\ depending upou the scale.: 

Suppes says further, "There Is also no reason to think that when concept 
f^rraatlon and mastery of novel concepfs are evident that learning is neces- 
barily to be characterized in terms of stages than incrementally.." Piaget 
w<.uid probably agree with this statement too since he differentiates between 
different types of concept construction, some that may be acquired incremen- 
tally and others on an all-or-none basis depending on the process of forma- 
lin that is Involved. 

The claim that "precise" and detailed experimentation might lead to a 
test of the existence of stages is itself imprecise, and hopefully Suppes 
t-dft a de:?nition of precision that would not exclude most experimentation in 
the social sciences. ir k ^jdlng psychology.. Precise data as such are not in 
Ourselves sufficient since scientific data rarely stand uninterpreted.. The 
ba~e data, in fact, are often integrated into theories that are incompatible. 
?> f en with precise data it is unlikely that clear-cut supp^ ~t for either 
t ntinulty or discontinuity theories will be readily forthcoming, since a — 
flrmati^n of such general theories often depends upon many experiments . pro- 
vide *»« f ficient data to elucidate the ramifications of a theory and to t ->ble 
differential confirmation an.ong .cmpeting theories. 

As Suppes suggests, the theory of stages requires evidence of generali- 
zation across common sers cf concepts; he holds, however, that there is 

lit tie" evidence on this point. It is difficult to tell what is meant by 
"fittle" in this context, but the issue of the so-called horizontal decalage, 
<t generalization across concept domains has been extensively discussed in 
the Piagetiar literature, and a number of studies by non-Genevans are addres- 
*'-d to this issue. As the data show, there is both generalization and varia- 
oiiit>; sometimes variability within a stage takes a consistent form, some- 
ti^e<» not- The issue is a difficult one for stage theory and investigations 
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* sympathetic end unaympathetic to stage theory will be dealing with it 
for a long time. There may not be enough data to settle this Issue, but 
the problem has been far from ignored. 

In total. Suppes* claim that stage theory has been uncritically 
accepted on the basis of little evidence is itself based on limited 
evidence. The issues are not new and have received both theoretical and 
empirical attention. Whether the data Justify fsr-reaching policy decisions 
in educstion is snother issue, but then again the claims for slternative 
views, including Suppes 1 , sre equally open to question* 

b. Cognitive structures and strategies 

The stsge question does not exhaust the issues concerning learning and 
development/ Until recently, Piaget has dealt very little with the nature 
of learning. His conception of learning appears to be identified with the 
behavioristic conceptions of Hull-Spence, Skinner, and Pavlov. Although 
undoubtedly aware of recent research and theory in cognitive learning, he 
uses classical behaviorism as a backdrop against which to contrsst his equili- 
bration theory of development.: He characterizes behavior istic conceptions 
as baaed primarily upon the response to extemsl stimulstlon as the causal 
determinant of learning and development. His own conception, on the other 
hand, is based upon the autoregulation of internal ana external behavioral 
input. Modern learning theory is not as simplistic as Piaget makes it out 
to be. Most contemporary conceptions of learning include some conception 
of Internal, mediating* or symbolic cognitive processes* Learning tcocArcl 
in turn has shifted considerably in its orientation and focus. study 
of discrimination learning, foe example, so long considered b> lorists 
as the cornerstone of behsvioral processes, now includes analysis 
linguistic and attentional mediation, and some neobehaviorists define tnese 
aediational phenomena as symbolic.; In addition, problem solving strategies 
that used to be the exclusive concern of cognitive theorists are now 
identifiable in discrimination learning (Levine, 1966; Gholson et al . , 1972). 
Parallels between the problem solving strategies in discrimination learning 
and those in Piagetian tasks are also being studied (Gholson et al., in 
preas). In a sense, the Piagetian attitude that learning is only an aspect 
of the proceasea of development, and the traditional alternative that 
development is under the control of learning are moving rapidly to in inte- 
gration. The differences ascng a number of contemporary neobehavioristic 
and cognitive theories are often difficult to distinguish.. 

In Piagetian research, fuwhasis until recently was on understanding the 
development of cognitive structure., A shift is taking place to discover the 
ways in which structures nine; Ion. The influence of both structursl and 
functionaliat viewa on research in mathematical education is not new; it was 
evident, for example, in the work of Dienes and Jeeves a decade ago (Dienes, 
1963, Dlanea and Jeeves, 1965), While the study of structure hss affected 
research in -^thematlca education more than the work on strategies, the 
Immediate future may see a t eternal in emphaais.. 
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Research on cognitive structures and strategies 1 i9 particularly 
significant in mathematics education for two reasons: First, in mathematical 
reasoning and problem solving, children at different levels of development 
acquire different vaya of dealing with the same type of problem. Secondly, 
at ^ny stage of development quite different strategies may be utilized by 
different children for the same problem, and different strategies may be 
utilized by the same child for different problems. While problem solving 
strategies appear to be significant to learning and development, it is 
surprising that so little is known of their nature and how they are acquired.: 

One feature of strategies receives considerable attention in mathematics 
education research, yet little attention among cognitive and developmental 
psychologists. This concerns the use of algorithms in problem solving and 
thinking. Algorithms, in essence, are a special type of strategy used in 
reasoning. Their utility in mathematics is obvious, but their function in 
thought was not as obvious until the development of computer models for 
simulating intelligence. 

The instructional value of algorithmic methods is much discussed in 
mathematics education. Their efficacy ia usually contrasted with that of 
"true concept learning," and their use is often a matter of issue in educa- 
tional policy.: The<.difficulty over the use of algorithmic methods stems 
in part from the lack of differentiation between conceptual algorithms 
and instructional algorithms . Instructional algorithms are devices, usually 
symbolic, that provide standardized ways of approaching the analysis or solu- 
tion of problems and are essentially pedagogical instruments. The most im- 
portant question sbout them is whether they work as well 01 better than other 
approaches within a defined set of instructional objectives. While it may be 
more advantageous or desirable to create or re-create novel personal solu- 
tions to problems from an understanding of fundamental principles, it may 
be more facilitating and economical, ac least in some contexts, to have 
ready-made solution strategies. 

Although practical considerations are Important in considering the value 
of algorithms, even more important is the need to determine what is essential 
for thought and problem solving to occur. If thinking occurs naturally with 
the use of conceptual algorithms, that is, standardized routines or sub- 
routines employed within a reasoning process, then they cannot be abolished 
by educational edict. 

Algorithms, thus, are not simply arbitrary devices for solving school 
problems but enter into the very nature of the processes by which cognition 



* Msny kinda of strategies have been identified. In gener^ 1 , a strategy is 
a consistent approach taken by a subject in solving a problem. These stra- 
tegies can be defined by a rule that is Independent of the content of the 
problem being solved, such as an alternating strategy, in which a child 
alternates from left to right and then repeats the sequence in a two choice 
dlscr imitation problem.: A cognitive structure, on the other hand, Is defined 
by the regulsrltles in the behavior of the subject that suggest a rule or 
logic that is intimately tied to the content of a problem or a class of 
problems. 



9 

ERIC 



-130- 



develops. Thev lay serve as instructional devices as wtll, but developments 
in computer simulation of thinking show that algorithms serve a much more 
serious and necessary function in reasoning and learning. Rather than banish 
these structures in the sometime romanticized search for creative thought, 
more adequate knowledge of the role of these structures in thinking is 
required < The task for mathematics education is to develop instructional 
algorithms whose structure and content will articulate most adequately with 
the structure and nature of conceptual algorithms., 

c f Information processing approaches to mathematical educational research 

Research in learning and thinking is bein<* reinterpreted by a number of 
contemporary cognitive psychologists in terms of the ways in which information 
is processed* The original interest in information processing came from 
recognizing that the human learner, viewed as part of a communication system, 
has limited capacity to store, process and transmit information* Much has 
recently been learned of the way information is coded so that it is understood, 
acted upon, and learned effectively.. More is now known too of the components 
of information storage and processing.. Most of this research has been addres- 
sed to the nature of .-emory, cognition, language, and perception, and at that 
to fairly limited aspects of these. Recent efforts have also been directed 
to constructing information processing models of cognitive development and 
mathematical reasoning. This research is concerned with the nature of mathe- 
matical reasoning and problem solving interpreted in terms of the organization 
of inforaation and the systems required to process such information. Because 
of the nature of the information to be processed mathematical reasoning 
lends itself most favoredly to an information processing type of analysis. 

The relatively rapid application of cognitive psychology anr! cognitive 
development theory suggests the transition into a new period of development 
for research in mathematics education. 

The recent revolution in mathematics and mathematics education can be 
characterized by three periods.. First, came the striking and significant 
changes in the conception of modern mathematics.. These changes in the theory 
of mathematics led to great pressure for concomitant change in mathematics 
education. The social, political and economic climate of the so-called sput- 
nik era provided the occasion for rapid changes in mathematics curricula 
that brought them into greater accord with the newer approach to mathematics.. 
It was accompanied by changes in tt*e technology of mathematics instruction, 
principally at the pre-elementary and elementary- levels , The result was the 
widespread introduction of instructiona? aids (such as the Cuisenaire rods, 
Dienes blocks, Montessori materials, etc.) designed to foster the comprehen- 
sion and learning of fundamental concepts in mathematics We now appear to 
be moving into a third era, characterized by the psychologizing of mathema- 
tics education, based upon the notion that curriculum organization should 
be mapped onto the psychological processes of the developing child.* The 



1 We have really only spiralled around < Parallel developments occurred in 
the 1920s and 1930s when it was realized that psychology had something to 
offer to education. 
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Plagetlan influence in this recent movement has been the most evident, but 
it is clear that in the future it will only be ofce force among mariy, as other 
developments in psychological theory and technology rapidly infuse the 
thinking of mathematics educators. 

2. The logical structure of mathematics and the logical structure of thought 

The logicist interpretation of mathematics, by which mathematics is 
reduced to a system of logic (Bennaceraf & Putnam, 1964), is after all only 
one possible approach to mathematical theory. It appears, however, to be 
the one to which Piaget relates his own psychological logicism. He argues 
that contemporary mathematics with its emphasia upon logical structure, princi- 
pally as characterized by the Bourbaki group, shows a "natural'* relation to 
the logical structures of intelligence. Three types of logical structure 
in intelligence are said to relate to Bourbaki '•mother structures. " First, 
are the algebraic structures, the system of logical classes. Second, are 
the order structures that characterize the system of (ordering) relations, 
and finally, there are the topological structures based upon ideas of conti- 
nuity, neighborhood and separation. These three "elementary" structures 
later combine and form the logical groups (a.g.. the "four-group") that 
enter into propositional logic and the combinatorial system. 

The formal similarity of the logical system of mathematics to the 
logical nature of thought suggests to Piaget that teachers should be 
critically aware of the nature of child and adolescent thought development, 
even though Piaget does not specifically suggest that the course of mathematics 
instruction should parallel the course of logical thought development. Piaget, 
perhaps wisely, offers no program as to how mathematics curricula should be 
developed. He does, however, offer seme specific suggestions (Piaget, 1972) 
concerning the focus of such curricula? 

1. The Plagetlan developmental scheme proposes that the structures of 
intelligence arise out of the actions of the child. Two kinds of knowledge 
are distinguished: physical knowledge and loglco-mathematlcal knowledge. 
"Physical k&owiedge," derives from the physical experience of acting upon 
objects (e.g., comparing weights, densities, etc.) in order to discover the 
properties of objects themselves. "Logico-mathematical knowledge" derives 
from a type of experience that garners its information, not from the physi- 
cal properties of objects, but from the coordination of actions on objects., 
The source of loglco-mathematlcal knowledge Is a particular aspect of action, 
but nevertheleea from action carried out by the child himself. When infor- 
mation is give* the child by others, the child in effect has to reinvent 
or reconstruct that knowledge for himself in order to achieve true 
understanding. 

This leads Piaget to suggest that the teacher should always be aware 
f.hat the child and adolescent is far more capable of indicating his under- 
standing through "doing," and "in action" than he is in any other form of 
expressing himself, including verbally. The expression of thought occurs 
In action long before the child is consciously aware of his thought and 
long before he can represent it linguistically. With sensitivity on the 
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psrt of the teacher, the child may be made more aware of hia understanding 
through discussion in what would be equivalent to a Socratic dialogue, 
Through the organization of work with partners his own age and with a 

sophisticated older child as leader, the child could also be led to 

appropriate verbalization and "awareness . " 

2. For Piaget a new logical structure comes Into being in at least 

two ways. First, the generalized forms of sction upon objects sre assimilated 
to existing cognitive achemes (generalized structures) to form new structures. 
Secondly, existing schemes are integrated and compoaed into new structures 
in response to problem solving needs. Some form of internal change haa to 
cske plsce in both instances for real understanding to occur. The mathematics 
tescher, however, provides the child with ready-made logico-msthematlcal 
structures and expects the child to understsnd them. The child's ability 
to repeat a notion and even to apply it in limited waya often givea the 
impression of knowledge. True understsnd ing of teacher-given knowledge 
requires reconstruction of the ides by the child. The test of understanding 
is the spontsneous application of the idea by active generalization. To 
ensure understanding the tescher hss to go beyond his "lessons" and "orgsnlze 
situations that give rise to curiosity and solution seeking (Piaget, 1972)." 
Difficulties in uttderetsnding, says Piaget, ehould not lead to "feedback" 
procedures in which a solution or correction is given directly. Instead 
the teacher should utilize sn sctive method in which counter-euggestion 
leads to new exploration so that the child is able to correct himaelf . This 
involves the applicstion of Piaget f s so-called "clinical method" to 
P^Ugogical practice. Unfortunately, it ia not the kind of application that 
is easily made by a teacher who is charged with the instruction of a large 
group. of pupil a. 

3. The early logical thought of the child arises out of a great deal 
ot active experimentation with objects. Simple and complex coordinations 
between perceptions and actions sre made during the very first year of 
life, prior to the symbolic representation of such coord lnstlons. In a real 
sense, formalization through symbolic representstion follows sction. This 
general model applies to all periods of development, and Plnget notea, 
unhappily, that mathematics teachers ere tempted all-too-of ten to reverse 
the procedure and prematurely provide formalization prior to active experi- 
mentation, Representations or models should correspond to the nstural 
iogic ot the child's level of thought, with systemization and formalization 
to follow the kind oi knowledge that "intuitively" cornea through action. 
Plsget srguee that mMthematic ians should not eschew auch "intuitive" knowledge, 
s*nce mathematical intuition la essentially operational (i.e., logical), and 
the nature of operative thought is to dlssoclste form from content. There 

Is no harm, in fact it may be necessary, to at tlrst encounter experience 
in which bo*,h form and content are intuitively grasped, before they are 
formally separated,: 
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On in i priori basis alone It would seen that Piaget ian theory 
would reUte well to early (preschool and elementary) mathematics. It 
ia not self-evident, however, aa to how mathematics curricula ahould be 
organised or how mathematics should be taught, a lace curriculum organization 
derives both from the Inherent logic of th* subject matter and the 
intellectual competencies of the child. The relation of mathematics 
to other aubjecta, the experience cf the child, and the cultural context In 
which teaching occura are also relevant. 

One particular difficulty la that the logical organization of a subject 
■say not parallel psychological development. Piaget implies that for mathe- 
matics there Is such congruence, as In the logical relations among topolo- 
gical, projective and euclldean geometries but there la relatively little 
evidence, except for certain areas of mathematics, to confirm this. Inves- 
tigations of school curricula In present use show critical disparities 
between curriculum sequences and empirically determined sequences of Intel- 
lectual development (see L. Beilin, 1973, for one such example).. These 
studies Indicate that the particular curriculum sequences studied cannot be 
Juatlfied either In terms of •'heir logical organization or their accord with 
psycho logical development. Some mathematlca curricula iv present use, parti- 
cularly those more recently developed, seem to have a better logic for their 
organisation, but as yet very little evidence exists of their relation to 
the cognitive development of the child. 

Plaget'a suggestions for eetlvlty-based mathematical learning may take 
a child so far into mathematics, although how far la not clear. Those aress 
of mathematics* (geon*.try, *ri»-tB*ciic , etc.) In which learning may be accom- 
panied by the active manipulation of objects la not apeclfled by Piaget 
although he Implies that even advanced mathematical understanding may be 
fostered by such manipulation. Dlenes' demonstrations in this Symposium 
suggest that there may be many. applications even for advanced forma of 
mathematical reasoning.. While Piaget proposes that formalization ahould 
proceed In its own time It vould appear that considerable experimentation 
will be needed to establish such tlmetablea.. 

Educational psychologists and others are eager to know how teachers can 
be aided to acquire understand in$ <jf the intuitive relation between mathema- 
tics and intellectual development well enough to carry on an instructional 
dialogue with children.. Even more, educstors are concerned with how to 
organize learning so that the^eacher can accomplish this with large numbers 
of children. Present knowledg f is inadequate to pro</ld<> the answers.. 

3 Mathematics ss a language , 

Piaget is at grest pains to declare that language is not the critical 
source of thought and knr;wledge. Language functions Instead to represent 
at.d consHunlcate though,:.. This Is particularly relevant for mathematics since 
it is commonly held thet *iathematics is a language, or has properties in 
common with natural 'anguage. In Piaget 1 s theory, logical and mathematical 
structures are said to define the nature of the thought process; language, 
on the other hand, la s socially-created conventional system for symbolically 
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representing the products of thought. As a consequence, Piaget considers 
that educators, particularly mathematics educators, have placed much too much 
emphasis upon the linguistic aspect of education out of proportion to its 
role in mathematical thinking and learning. For mathematics educators the 
issue it important since so much of mathematics instruction is symbolically 
formalized, although much effort has gone into making early mathematics 
instruction less so. Again, the focal question concerns how knowledge is 
acquired and how thinking occurs. If Piaget is correct that the development 
of thought, particularly in Its early manifestations, is achieved through 
activity, then an educational policy may be required that places greater 
emphasis upon activity and less upon linguistic forms of instruction. While 
Piaget recognizes that progressive linguistic formalization and model build- 
ing is necessary, he emphasizes again the need to ensure that understanding 
accompanies linguistic formalization. 

The relation between language and thought is not as clear-cut as Piaget 
proposes.. The by now well-known work of the generative-transformational 
linguists (Chomsky and others) has shown thnt at an early age (2 to 4 years) 
the child acquires a relatively small set of linguistic rules from which he 
can create a vast verbal output.. Considerable controversy exist? aa to the 
components of this linguistic rule system and how it functions, but in spite 
of a number of differences there is consensus as to the great power of that 
generative system. Nevertheless, in spi*e of the achievements of contem- 
porary linguistics, little is known of the nature of logic and mathematics 
as special or formal languages.. In addition, few investigators of language 
acquisition have been concerned with whether mathematics and logic are 
acquired in the same manner that natural language is acquired, or whether, 
as Piaget implies, they are not acquired as languagea at all but as systems 
of thought. The distinction msy not be important if language acquisition 
is under the control of developing cognitive structures. If, on the other 
hand, language development is autonomous and has an internal logic that dif- 
fers from the structures of thought, then rather different practical and theo- 
retical consequences ensue. The i3sue, at the moment, has relatively little 
available research data to decide it. What evidence there is, even from the 
Genevan group,, indicates that natural language acquisition cannot be accoun- 
ted for solely by available knowledge of cognitive development (Sinclair, 
1971). Even less is known of the acquisition of mathematical knowledge and 
its representation in formal languages. 

A number of attempts have been made recently to analyze mathematics in 
linguistic terms although not necessarily as a generative- rule system. Some 
research studies have been concerned with the comprehension of mathematical 
statements, not so much as logically formulated propositions, but as 
mathematical propositions embedded in natural language contexts. Theee 
investigations are designed to determine whether comprehension is fostered 
or impeded by the form or complexity of the natural language contexts in 
which mathematical data are presented. In other studies, the order of sen- 
tence constituents is altered to determine the effects of sentence and pro- 
blem order on the ' it ion of problems. These studies parallel those done 
by psycholinguist. -on-mathematical contexts. While studies in psycho- 
linguisMcs are ordinarily addressed to theoretical questions concerning the 
coiaprehension of surface structure characteristics of the grammar, those 
performed in a mathematical context have been addressed to problems of solu- 
tion efficiency.. Although these mathematical studies could easily Illuminate 
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sone more general issues they seem, for the present at least, to be such more 
limited in focus. 

Studies in the generative aspects of 1 mguage and cognition has led to 
considerable Interest in the nature of rules and rule structures and their 
place In thinking and learning. Because of the obvious relation between 
rule- related thought and mathematics , a fair amount of reaearch la being 
pursued In the learning of mathematics? ~jles. It Is not my Impression, 
however, that mathematical reasoning Is being examined aa a generative system 
to any appreciable extent. That Is, study. Is net directed to the acqulaltlon 
of mathematical rule as Instruments of creative problem solving, or for use 
In the construction of mathemstlcel Ideas. Nor sre the strstegles by which 
such rules are functionally related to problems under solution being Investi- 
gated to any extent. Rather, It would seem ss though most of the effort Is 
directed to studies of success or fsllure In learning rules. This sppeers 
to be a much more sterile enterprise than what the study of mathematics 
learning could be., 

A recent effort to apply the generative- transformational linguistic model 
to the rule structure of mathematics Is seen in the work of Scendurs (1971).; 
Hla poaitlon Is that mathematical knowledge and mathematical "behavior" 
are "rule- governed." He distinguishes two conceptions of rule structure 
One involves the idea of generative procedures composed of rules, and the 
second, the Idea of rule- governed behavior. Rule- governed behaviors sre 
those that are produced by a common algorithmic (generative) procedure. 
Traditional conceptions of concepts and associations sre ssld to be spec Is 1 
cases of such rules., Scandura goes on to detsll the form such rules tske 
to sstlsfy the recursive functions of s generative theory.. Decoding, * 
transformation, encoding and selectlonal rule types are specified that 
suggests a combination of both Information processing theory end generative- 
trans format ions I linguistic theory.; 

Mathematics as such la not concerned with rule- governed behsvlor but 
with the rules themselves. Mathematics educators, however, are very much 
concerned with both since there Is an apparent relation between rule-governed 
behavior and mathematical rules.. As already suggested, Piaget is also very 
much concerned with rule-governed behavior and its relation to mathematical 
rule structure, in fact it is part of his central thesis. There is thus 
considerable commonality between the fundamental assumption of the structural 
learning group (represented by Scandura) and the Plagetians, although there 
are some Important differences between them as well. 

Not all mathematicians, mathematics educators, or psychologists sre 
optimistic about the adequacy of generative- trans format lonal (Chostskyan) 
theory as a model for msthematlcal reasoning. Among mathematicians, Suppes 
(1972) considers generative- trans format lonal theory to be s very inadequate 
explanation of even linguistic performance. To make the Chomakyan argument 
seem absurd he suggests as an analogy the relation of first-order logic to 
all current mathemsticsl ideas. From these relations, he says, one can 
enumerate the theorems of a mathematical subject by enumerating the proofs. 
The enumeration of the proofs, he holds, Is equivalent to the deep structure 
rules of Chomsky's grammar. But no one, says Suppes, would seriously claim 
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that knowing such proofs can provide adequate knowledge of how students dis- 
cover elementary proofs, or how mathematicians discover new and complex 
proofs, which he holda a competence theory should do.. In spite of Suppes' 
argument It is not clear that the constructive process of generating 
aentencea Is equivalent or even analogous to the discovery processes In 
deductive reasoning. 

Suppes' own approach to a theory of how children leam mathematical 
concepts Is through the development of models of performance In simple 
mathematical tasks, such ss learning to use the (Instructions!) algorithms 
of addition. His first models wer* linear regression models spplled to a 
small number of performance characteristics. A regression model that predicts 
response probabilities, however, does not In Itself postulate a specific 
process by which atudenta apply problem solving algorithms.. Subsequently 
developed models were process models specifically designed to sstlsfy the 
Information processing requirements of slgorlthmlc tasks. These models were 
baaed upon finite automata, although they were soon superceded by probsbsllstlc 
sutomata models. The probaballatlc automata models were seen to have 
limitations at well, lacking perceptual processing components, snd so further 
developments suggested various advances over the automata models. These 
Involve "register machines" that process perceptusl Information through a 
series of subroutines that combine different algorithms. Suppes* models 
sppesr to have come closer to the approach of Hlnsky and Papert (1972) 
whose simulations of Intelligence Involve models derived from theories 
bssed upon very different psychological aeeumptlona . The Papert position 
Is, In fact, much more Plage t lan. 

There are many propertlea of a natural language that mathematics does 
not sppear to share. This Is particularly ao In regard to aemantlca, that 
la, In the way meaning la treated. The terms ot a mathematical system or 
theory are not Interpreted In the aame way lexical entrlea In natural language 
are. In fact, one reason mathematics Is referred to aa a formal language 
is that its terms sre ostensibly content free; those of s natural language 
are not. It seems dubious, however, that aa a consequence mathematics Is all 
ayntax with no meaning. Instead, meaning appeara to take a different form, 
or may be aald to have a different aigniflcance. It la thus not enough to 
aay that mathematics la a system of abstract forms and uninterpreted terms 
that represents the abatract relatione ordinarily represented in natural 
language. In any esse, it appeara that the relations between formal 
languages such as mathematics and natural language will receive a great 
deal of attention in the yeara ahead from linguists, logicians, psychologists 
and mathematics educatora for theae relations may have Important bearing 
upon mathematical reasoning and problem solving.. 

To aum up, I have tried to ahow that mathematics education research 
gains its strength from the infusion of theories snd models from various 
disciplines. It also carrlea the burdens of these disciplines as well as 
those of its own. 

The era of dramatic curriculum change and technological innovation 
appeara to be over., A new cs concerned with the psychologies 1 basis for 
mathematics learning and reasoning is already fully entered upon. It is 
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belng fed by psychological theories of very diverse origin. Mathematics 
educstlcm research Is now a very lively Intellectual and scholarly arena 
in which Mathematics , philosophy, psychology, linguistics and computer 
technology are converging on the solution of some very real problems. 
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